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Abstract. The 2 degree-of-freedonelasticpendulumequa-
tions canbe consideredasthe lowestorderanalogueof in-
teractinglow-frequeng (slow) Rossby-Haurwitzand high-
frequengy (fast) gravity waves in the atmosphere.The
strengthof the coupling betweenthe low andthe high fre-
gueny wavesis controlledby a single coupling parameter
¢, definedby theratio of thefastandslow characteristi¢gime
scales.

In thispaperefficient,highaccurag, andsymplecticstruc-
turepreservinghumericalsolutionsaredesignedor theelas-
tic pendulumequationin orderto studytherole balancedly-
namicsplay in local predictability To quantify changesn
thelocal predictability two measuresireconsideredthelo-
cal Lyapunw numberandthe leadingsingularvalue of the
tangentinearmap.

It is shavn, both basedon theoreticalconsiderationand
numericalexperimentsthat thereexist regionsof the phase
spacewvherethelocal Lyapuna numberindicatesexception-
ally high predictability while the dominantsingularvalue
indicatesexceptionallylow predictability It is alsodemon-
stratedthat the local Lyapune numberhasa tendeny to
choosénstabilitiesassociatedvith balancednotions,while
the dominantsingular value favors instabilities related to
highly unbalancednotions.The implicationsof thesefind-
ingsfor atmospheridynamicsarealsodiscussed.

1 Intr oduction

Althoughit is widely acceptedhatpredictabilityvarieswith
the atmospheridlow, theissueof finding a singlebestmea-
sureto quantify this variationhasnot yet beensettled Mea-
suresof local predictabilityin phasespacehave beenstudied
andcomparedor awide varietyof modelswith atmospheric
relevanceranging from systemswith few degreesof free-
dom(e.g.,Farrell, 1988,1990; Trevisanand Legnani,1995;
Lorenz,1996;LegrasandVautard,1996;Smith,1997;Fred-
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eriksen2000;Trevisanetal.,2001;Ziehmanretal.,2001)to

more realistic atmospheric models with higher
compl«ity (e.g.,LacarraandTalagrand,1988;Houtekamer,
1991; Molteni and Palmer, 1993; Vukicevic, 1993; Buizza
andPalmer,1995; EhrendorferandErrico, 1995;Vannitsem
andNicolis, 1997;Szuryoghetal., 1997;Patil etal., 2001).
The aim of the presentpaperis to further investigatethis

subjectfor a low-order, non-dissipatie analogueto the at-

mospherigoverningequationghatcanmaintainmotionsof

distinctly differenttime scalesandcanaccommodatanana-
logueto balancedatmospherienotions.

The first low-order modelto study interactionsbetween
motionsof differenttime scalesin the atmospheravas de-
rived by finding the lowestordertruncationof the shallav
waterequationgLorenz,1986).This model,todayknown as
thefive-variableLorenz(L5) model,is anonlinearlycoupled
systemof two simple integrable mechanicalkubsystemsa
nonlinear pendulum and a harmonic oscillator
(Camassal 995; Bokhove and Shepherd1996). For appro-
priatechoicesof the control parametershe frequeng of the
rotationof the pendulumis muchslower thanthe frequeng
of theoscillator In this casethe”"slow” swingingof thepen-
dulumandthefast” resonancef the oscillatorcanbe con-
sideredasanaloguedo the low frequeny Rossby-Haurwitz
waves and the high frequeny gravity wavesin the atmo-
sphereln a perfectly balancedstate,the coordinateqvari-
ables)associatedvith "f ast” motionsareslavedto the coor
dinategelatedto "slow” motions.Thatis, the"f ast” compo-
nentscanbe determinedrom the”slow” componentstary
giventimeinstanceby solvinganalgebraidalancesquation.

Lynch (1996,2002) pointedout thata slight modification
of thecouplingtermin theL5 modelleadsto the equationof
motionfor the elasticpendulumwherea massis suspended
from an elasticrod which canrotateandstretch,but cannot
bend.Therole balancediynamicsplaysin predictabilitycan,
therefore be addressedy studyingeitherthe L5 modelor
the structurally equivalent elastic pendulum.In this paper
for the sale of physicaltranspareng we study the elastic
pendulumequations.
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To quantify changesn the local predictabilityof the elas-
tic pendulumwe considertwo differentmeasuresthe lead-
ing singular value of the tangentlinear map and the local
Lyapuno number Thesewo measuregand/orsomeof their
derivatives)have alreadybeencomparedn aseriesof papers
(e.g., Trevisan and Legnani, 1995; Szuryogh et al., 1997;
ReynoldsandErrico,1999;Samelson2001;Ziehmanretal.,
2001). The main motivationsfor revisiting the issuefor the
elastic pendulumare twofold: (1) Sincethe elastic pendu-
lum hasHamiltonianstructure,its singularvalue spectrum
is symmetric.This symmetrycan be exploited to studythe
relationshipbetweersingularvaluesandthelocal Lyapunw
numberin a more transparentnannerthanin a dissipatve
system(2) Studieswith complex modelsbasedontheatmo-
sphericprimitive equationgSzuryoghet al., 1997; Thorpe,
1996; Errico, 2000; Montani and Thorpe,2002) found that
for acommonchoiceof thecoordinatesynbalanceanotions
playedan importantrole in local predictability when mea-
suredby thedominantsingularvalue.In addition,Szuryogh
et al. (1997) demonstratedhat the local Lyapuna number
measurednstabilities associatedvith nearly balanceddy-
namics.That paperalso conjecturedthat the differencebe-
tweenthe two measure®f local predictabilityandtheir re-
lationshipto the balanceddynamicsmay be dueto the fact
thatthe local Lyapune numbermeasuregredictability for
trajectorieontheattractorof thesystemwhile thedominant
singularvaluecanpotentiallybe associatedvith trajectories
which are initially off the attractor(e.g., Anderson,1995;
Legrasand Vautard,1996; Trevisanand Pancotti, 1998).n
this paperwewill demonstrat¢hattherelationshipbetween
the predictabilitymeasuresandtherole of balanceddynam-
icsis nodifferentfor theelasticpendulunthanfor dissipative
atmospherianodelsThis suggeststhatin termsof balanced
dynamicsjt is notthe existenceof an attractor, but the pres-
enceof multiple time scalesthat plays the key role in the
differencedetweerthe predictabilitymeasuregThe elastic
pendulumhasmultiple time scalesbut no attractorsinceit is
anon-dissipatie system).

The outline of the paperis asfollows. Section2 is a brief
overview of the measure®f local predictability considered
here.Section3 presentghe basicdynamicalequationsand
givesashortdescriptionof the geometryof the phasespace.
A new family of symplecticstructurepreservingnumerical
solutionsfor the elasticpendulumis presentedn section4
(technicaldetailsare provided in the Appendix), while the
mainresultsof thepaperonlocal predictabilityarepresented
in sectionb. Section6 offerssomeconclusions.

2 Measuresof local predictability

2.1 Thetangent-lineamap

Equationghattypically arisein atmospheridynamics(and
in numericaweathemprediction), afterthe partial differential

equationghatgoverntheatmospherienotionshave beendis-
cretizedin spacegle.g.,Kadar et al., 1998),canbe written as

a systemof ordinarydifferentialequations,

dx
B X)),

wherethe statevector, x(t), andthe vectorfield, X(x(t)),
have n components.

The time evolution of an infinitesimal perturbationx..,
to the nonlineartrajectoryat x(¢t — 7) is determinecby the
associatedangent-lineaequation,

déx

whereDX is the Jacobiarmatrix for thevectorvaluedfunc-

tion X (x(¢)) (e.g.Ott, 1993). The solution of the tangent-
linearequationdefineshetangent-lineamapL(x(t), ), for

which

0x(t) = L(x(t), 7)0x;. (3)

Measureghatquantify the local predictabilityat x(t) are
traditionallydefinedby theexpansiorrate||0x(¢)(| /|| 6x || of
aproperlyselectednitial perturbationvectoréx,, where|| ||
denoteghe Euclideannorm. The differencebetweerthe lo-
cal predictabilitymeasuresin this paperthelocal Lyapuno
numberandthe dominantsingularvalue)is in the selection
of theinitial perturbatiorvectordx. .

X(O) = Xo, (1)

ox(t — 1) = 0%, 2)

2.2 Dominantsingularvalue

SingularValue Decomposition(SVD) (e.g.,p. 70-72Golub
and Van Loan, 1983) guaranteeshat for L(x(t),7) there

exist two setsof orthonormalbasisvectors, ..., and
,.-, ,andasetof real,non-n@atvescalars, ,...,
( ), suchthat
(x(t),7) (x(t),7) = (x(t),7) (x(t),7). (4)
The scalars ..., are the singular values, while

s ees and .., are, respectiely, the right (ini-
tial) andtheleft (evolved)singularvectorsof the matrix that
representshetangentinearmap (x(¢), 7).

It is importantto emphasizehatthe SVD of alinear op-
eratoris not independenbf the choiceof the local coordi-
nates(component®f x), , ..., ; (orof thechoiceof
the inner productif the coordinatesare fixed andthe inner
productis varied).In the atmosphericsciencesthe general
practiceis to choosghecoordinatesothatthe squareof the
norm generatedyy the Euclideaninner productbecomesa
quantitywith anenegy dimension(Talagrand;1981;Buizza
etal.,1993).

Since ..., provideanorthonormabasisary initial
perturbationgx,, canbewritten as
0x, = (x,7),0x(t)r  (x(t),7), (5)
where denoteghe Euclideaninner product,which
combinedwith (3) and(4) gives

(x(t),7) (x(t),7),0%,

(x(t),7)-(6)
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This meansthat when the uncertaintyin the predictionis
measurediy the Euclideannorm the largestpossibleam-
plification of the uncertaintyis definedby the first singu-
lar value  (x(t), 7). The dominant(first) singular value

(x(t),7), can,therefore,be consideredas a measureof
local predictabilityat x(¢). (A closelyrelatedpredictability
measureés thefinite time Lyapunw exponent

=7 ( (x(t),7)), definedby Ziehmanretal. (2001)
in a slightly differentform). The dominantsingularvalue,
of coursejs dependenhot only on the phasespacdocation
x(t), but alsoon the choiceof the coordinatesandthetime
interval, 7.

Finally, it shouldbe notedthatin atmosphericcienceshe
predictabilityat x(t) is typically measuredy the dominant
singularvalueassociatedvith thetimeinterval ¢,¢ + rather
than t — 7, ¢ . In this paperwe definethedominantsingular
valuebasedon the pastevolution of the trajectorysothe re-
sultscanbedirectly comparedo thelocal Lyapuna number
None-the-lesspur main conclusionson the role of multiple
time scalesandbalancedlynamicsareequallyvalid for both
definitions.

2.3 LocalLyapunw number

As t goesto infinity, all typical perturbationsyx(t) in equa-
tion (3), turninto thedirection, (x), parallelto thefirst left
singularvector definedfor an infinitely long time interval,

(x, ). Thevector (x) is usuallyreferredto asLyapunw
vector It is important to emphasize that, although
equation4) involvestheSVD (whichis dependenbntheco-
ordinates)the Lyapun vectoris independentf the choice
of the coordinategLegrasandVautard,1996; Trevisanand
Pancotti,1998).For a shortinterval of time, 7, the speedof
the separatiorbetweentrajectoriescan be characterizedy
thelocal Lyapuno number

I Ger) (=7l
=Nl

(A closely relatedpredictability measures the finite sam-
pleLyapunw exponent =71 n( (x(t),7)), definedby
Ziehmanretal. (2001)in aslightly differentform.) Thelocal
Lyapunas numberis always positive with valuesof greater
than one indicating diverging trajectories,and values of
smallerthan oneindicating trajectoriesthat are corverging
in the phasespace For ary givenchoiceof the coordinates,
the upperboundfor the local Lyapuna number(definedby
the relatedEuclideannormin (7)) is equalto the dominant
singularvalue, (x(t), ), while thelowerboundis equalto
thesmallessingularvalue, (x(t),7) . Theupperboundis
reachedvhenthefirst right singularvector  (x(t),7), and
the Lyapunw vector (x(¢t — 7)) are parallel,sincefor the
givenchoiceof coordinateghefirst right singularvectorde-
finesthedirectionof thefastespossiblegrowth with respect
to the Euclideamorm.

It is importantto notice, that when the coordinatesare
changedhenew Lyapunw vectorcanbeeasilycomputedy
acoordinateransformationbut theright singularvectorhas

()

(x,7) =

Fig. 1. Schematicpicture of the elasticpendulum.The length of the un-
stretchedodis , the distancebetweenthe origin andthe point mass,
is , andthe angleof the pendulumis . The dashedine shavs thecircle,
alongwhich the pendulumwould move if therod wasnon-elastic.

to be recomputedThis shows, on the one hand,that while

thelocal Lyapuna numbermeasuregxpansion(or contrac-
tion) associatedvith the samephysical processregardless
the choiceof the coordinatesthe dominantsingularvalue
canemphasizelifferentphysicalprocessedependingnthe

choiceof the coordinatesOn the otherhand,the dominant
singularvalueis a truly local quantity dependingonly on

thetrajectoryconnectingx(t — 7) andx(t), while thelocal

Lyapuna numberis alsodependenbn the entiretrajectory
leadingto x(t — 7).

3 The elasticpendulum
3.1 Basicequations

The elastic pendulumis a point mass, , suspendedy a
weightlesselasticrod, with an unstretchedengthof ¢ and
springconstant , which may stretchbut not bend(seeFig-
ure 1). The angularoscillation frequeny of the pendulum
in the limit of small displacements = /o, where

is the gravitationalaccelerationWhenthe displacemenis
not smallthe frequeny of the rotationalmotion canbe sig-
nificantly differentfrom (e.g., Tabor, 1989).The elastic
frequenyis =/ ,andthecouplingparametet is
definedby theratioe = / . In this paper only values
e 0. areconsidered.

For this simple physicalsystem the nondimensionalized
equationof motionscanbe written asa systemof nonlinear
ordinarydifferentialequationgLynch,1996,2002)

d

E = ( € ) ’ (8)
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d

W__( € ) )

b .

a ’

dd—tzs (e ) -—e¢ €

The units of massjengthandtime aredefined respectiely,
by themassof thebob, ; thelengthof the unstretchedod,
o0; andthe inverseof the rotationalfrequeny, / . The
dynamicalvariablesaredefinedin a polarcoordinatesystem
andrescaledsothatthey areall of the sameorderfor thetyp-
ical valuesof theinitial condition.Namely istheanglebe-
tweentherod andthevertical( = 0 istheangleatrest)and
theangulamomentum, , is positive for counterclockwise
rotation.In addition, it is assumedhat the amplitudeof the
elasticmotionis small. More preciselyfor the casesonsid-
eredherethe distancebetweenthe point massandthe fixed
endof therodis = € and is of thesameorderas

and .Thescaling =¢ d /dt(= ed /dt) ensures
that is of thesameorderastheothervariables.

Using the generalizedcoordinateand momentumrepre-
sentationj.e.introducing =( , )and =( , );and
definingthe Hamiltonian ( , ) by thetotal enegy of the
system

) - Ce) — (e )0

the equationof motion ( 8) canbe expressedn symplectic
Hamiltonianform

=

dx
i . (10)
Herex=(, ) ,

= (11)

andthesymbols and standrespectiely, for thezeroand
theunity matrices.

For the elasticpendulum asfor ary Hamiltoniansystem,
therearetwo independentonserationlaws

d d

= - = 12
dt 0 dt 0 (12)
where = is a differentialtwo-form andthe sym-

bol standsfor the exterior-derivative. (e.g. Arnold, 1989;
Weintraub, 1997). The first conseration law is the

well-known conservatiorof enegy, while theseconctonser

vationlaw is the conservatiorof symplecticstructue. These
consenration laws provide a symmetricsingularvaluespec-
trum describedn thefollowing subsection.

3.2 Thegeometryof thephasespace

Dueto the conseration of the symplecticstructure the sin-
gularvaluesarein pairsdefinedby therelation (x(t),7) =

(x(t), 7). This meansthat phasespacelocationsof
the largestpotentialgrowth (locationswhere  (x(t),7) is

thelargest)are alsolocationsof the largestpotentialdecay
( x@®),n) = (x(t),7)). This alsoimplies that there
areno phasepoints,wherethe largestsingularvaluecanbe
smallerthanone. Thisisin contrasto thebehaior obsened
for dissipatve systemqSmithet al., 1999; Ziehmannet al.,
2001).

For the elasticpendulumthereare two generalizeccoor
dinateg and ) andtwo generalizednomenta( and ),
which meansthat (8) is a 2 degree-of-freedonHamiltonian
system.Thus,the phasespaceis 4-dimensiona(n=4); how-
ever, dueto the conseration of enegy, the trajectoriesare
confinedto a 3-dimensionabpacegenegy shell). Moreover,
when ¢ is small, or more formally when e 0 ,the
Kolmogoraos-Arnold-Moser(KAM) theoremensureshatre-
mains a positive measureof trajectorieson 2-dimensional
invarianttori embeddedn the 3-dimensionalenegy shell
(Lynch, 1996, 2002). The exceptionsare chaotic trajecto-
ries thatfill the 3-dimensionakpacebetweenthe invariant
tori. Theinvarianttori definetheanaloguef theatmospheric
slow manifold. As ¢ increasesn increasingnumberof tra-
jectoriesbecomechaoticandtheinvarianttori graduallydis-
appear

Lynch (1996,2002)shaved numericallythatmostinvari-
ant tori remainpracticallyintact for suchlarge valuesof ¢
as0.2. Imagesof theinvarianttori in the Poincaresections,
plottedfor the( , ) andthe( , ) planesarecontinuous
(typically closed)curves,while imagesof the chaoticorbits
fill areashetweenthetori, but in finite time numericalcom-
putationsappearas setsof disconnectedlots (examplesare
shownin Fig. 4-7).

4 Numerical solutions
4.1 A new family of numericalsolutions

For mostinitial conditions,the elastic pendulumequation
cannotbe solved analytically as an explicit integral, hence
only approximatenumericalsolutionscanbe obtained.The
errorsintroducedby the numericalintegration schemeand
theerrorsdueto uncertaininitial conditions(chaos)aregen-
erally consideredo be two independensourcesof forecast
error. It shouldbe notedthough,thatthe non-integrablena-
ture of the equationsandthe chaoticbehavior of the Hamil-
toniansystemthey describeare closelyrelated(e.g., Tabor
1989).

The numericalintegrationschemeganintroducebothlo-
calintegrationerrors andstructural errorsinto thesolutions.
Thelocal integrationerror, definedasthe quantitatie accu-
ragy of the solution for a time step,is proportionalto the
time stepandtheorderof theintegrationschemeDecreasing
(increasing)the time stephasthe sameeffect asincreasing
(decreasing)he orderof the schemeWhenenhancegreci-
sionis neededusually increasinghe orderof the schemds
cheapetthan decreasinghe time step.The possibilitiesare
not unboundedhoughsincethe time stepcannotbe larger
thanwhatis necessarto resolethefastespossiblechanges
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in themodeledsystemThis principlesetsanupperboundon
the orderof the integratorthat canbe efficiently usedto in-
tegratethe modelata givenlevel of accuray. For the elastic
pendulumequationthis boundis setby the time scaleof the
oscillator Because¢hetime unit is equalto the time scaleof
theslow motion,it canbe expectedhatthelargestsufficient
time stepwould decreas@ase decreases.
Structuralerrorsof the numericalsolutionsaredistortions
in the geometricstructure(qualitatve behavior) of the sys-
tem(Sanz-Sernal992).Structuralerrorscanbe severeeven
if the integration schemeprovides high local accurag. A
theoremby Ge and Marsden(1988) states,that a numeri-
cal solutionwith a constanttime stepcannotpresere both
the symplecticstructureandthe enegy for a non-integrable
Hamiltoniansystem.Thatis, the numericalsolutionsof the
elasticpendulumwill be inevitably burdenedby structural
errors.For this paper we chooseto searchfor solutionsthat
presere the symplecticstructure.The motivationsto do so
arethat (i) structurepreservingschemesonsere the sym-
metry (x(t),7) = (x(t), ) for the singularval-
ues;and (ii) structurepreservingschemesre known to be
moreefficientin conservinghe enegy thanenegy preserv-
ing schemesn conservinghestructure.
Theelasticpendulumis a non-separablelamiltoniansys-
tem,whichmeanghatadecomposition ( , )= ()

( ) doesnot exist. Therefore standardstructurepreserv-
ing Runge-Kuttamethodge.g.Sanz-SernandCalvo, 1994)
cannotbe applied.To the bestof our knowledge,the only
way to preserethestructureof anon-separablelamiltonian
systemis to constructa symmetriccompositionschemeln
the Appendix,afamily of new first-, second-fourth-, sixth-,
and eighth-ordemumericalsolutionsis constructedor the
elasticpendulumbasedon the generakesultsof McLachlan
(1995).

4.2 Selectionof the optimalscheme

The global structuralaccurag of the numericalsolutionis
measuredy thermsrelativeenegy error,

= — — (13)

which is therelative root-mean-squardistancebetweerthe

constantnegy surfaceof the real system(known from the
initial conditions)andthe numericalsolutionfor along tra-

jectory. Here, is thenumberof time stepstakenalongthe

trajectory  istheenegyin thenumericalkolutionafterthe
thtimestep,and o= ( (0), (0)).

In orderto comparethe efficiency of the differentintegra-
tors,aworkis definedto betheestimatechumberof function
evaluationsneededo integratethe modelfor a unit time in-
terval. Thenonetypicalinitial / conditionis selectedor each
of thefour differentvaluesof the couplingparametere, con-
sideredater, andthe numericalsolutionsarecomputedor a
2000time unit interval by eachintegrationschemdistedin

TableAl. Thesecomputationsasary othersreportedn this
paper arecarriedout at 8-bytearithmeticprecision.
Thermsrelative enepy erroris plottedasfunctionof work
for eachnumericalsolutionin Figure2, whereit canbeseen
that differentschemesan be optimal dependingon the re-
quiredaccurag of the solution.In generalthe lower order
integration schemesare more efficient in producinglower
accurag solutionswhile the higherordermethodsaremore
efficientwhenhigh precisionis required.
Sincethemainconcerrof thispapelis thelocal predictabil-
ity of themodeledphysicalsystemit is desirablgo increase
thelocalaccuray of thesolutionsasmuchaspossibleHence,
all predictabilityexperimentsare carriedout by schemel2,
which is an eighthorder method.For a 0.01time unit step,
which is usedin all computationsreportedhereaftey this
schemeprovidessolutionswith anerrornotlargerthan 0 0.

5 Predictability experiments
5.1 Localpredictability

As mentionedbefore,both local predictability measuresn-
vestigatedhere (the dominantsingular value and the local
Lyapuna number)are dependenbn the choiceof the time
interval . Ziehmanretal. (2001)demonstratetly examples
that the finite time Lyapunw exponent(a derivative of the
dominantsingularvalue)andthefinite sampleLyapunw ex-
ponent(a derivative of thelocal Lyapuna number)areboth
stronglydependenbntheselectionof theshorttimeinterval.
Thereforejn computingthe predictabilitymeasureour first
taskis to selectan appropriater. In orderto make our re-
sultscomparabldo thosein the Figure 1 of Ziehmannetal.
(2001);the dependencen 7 is characterizedy the distri-
bution of the finite time Lyapunw exponent, (asdefined
in section2.2) for the dominantsingularvalue, (x(t),7),
andby the distribution of the finite sampleLyapunw expo-
nent, (asdefinedin section2.3) for the local Lyapunw
number (x(t),7). In Figure 3, the distributionsof  and
areshowvn for 7 = 0.0 (equalto the time stepof the nu-
merical integrator),7 = 0. , 7 = 0. , andr = .0 time
unit intervals. For eachvalue of the couplingparameterthe
distributionsareshown for a singleselectednitial condition
nearthe separatrixof the pendulumcomponenif the sys-
tem. (Sincethe elasticpendulumhasno attractor theresults
are,strictly speakingyalid only for thetrajectorycontaining
the selectednitial condition.)As it will be shawn later, the
neighborhooaf theseparatrixs animportantregionof local
low predictability Thedistributionsarestrikingly similar for
7=0.0 andr =0. in all panelsof Figure3, while for the
two longertime intervals thereareimportantdifferencesn
the distributions. Interestingly thesedifferencesgspecially
for the finite sampleLyapunw exponent,are muchsmaller
for the two extreme (smallestand largestinvestigated)al-
uesof the coupling parametersWe decidedto choosethe
largestr which providesdistributions consistentwith those
for (- = 0.0 ), the shortestpossibletime scalefor the dis-
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Fig. 2. Thermsenepy errorasfunctionof work (seesectiord.2) for thedifferentintegrationschemedistedin TableAl. Thevaluesof thecouplingparameter
, are0.025(panela), 0.25(panelb), 0.325(panelc), and0.4 (paneld).
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a) b)

N z
c) d)

AN 2
e) f)

A 2z

9) h)

N 2

Fig. 3. Eachleft handside panelshavs the distribution of , while eachright handside panelshaws the distribution of ~ for a selectedrajectorynearthe

separatriof thependulum Thesamplesverecollectedfor trajectoriesntegratedfor 1000time units. The couplingparameters,, are0.025(panelsaandb),

0.25(panelsc andd), 0.325(panelse andf), and0.4 (panelsg andh). Theblue,greenred,andblacklines shav, respectiely, thedistributionsfor ,
, , and
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cretemapsgeneratedy the numericalsolutions.Thus for
this paperwe considerr = 0. . As furtherresultsof the pa-
pershav, 7 = 0. providesgood structuralresolutionand
smoothchangesof the local predictability measuresn the
phasespace.

The local predictabilityin the phasespaceis mappedby
Poincaésectionge.g.Tabor 1989;0tt, 1993).Poincaé sec-
tions are preparedfor a "slow” ( , ) plane,definedby:

= 0, 0; andfor a"fast” ( , ) planedefinedby

=0, 0. The"slow” planeshows the pendulumcom-
ponentsof the statevectorat instancesvhenthe rod is nei-
ther stretchednor contractedandthe point massis moving
towardtheorigin alongtheradialdirection.The"f ast” plane,
at the sametime, shows the springcomponent®of the state
vector at instancesvhenthe pendulumis crossingthrough
the = 0 line during a clockwiserotation. EachPoincaé
sectionpresentedh this papershav tentrajectoriesvolving
onthesameenegy shelldefinedby = . .

In Figures4-7, Poincar/’esectionsareshown for four dif-
ferentvaluesof the coupling parameterand the local pre-
dictability measuresrevisualizedby colors.Both the local
Lyapuna number(panelsaandb) andthedominantsingular
value (panelsc andd) indicateclearpatternsof predictabil-
ity, thoughin certainregionsof thephasespacdhesepatterns
canbestrikingly differentfor thetwo measuredn whatfol-
lows, we first focusattentionon the slow plane(panelsaand
¢). Onthis plane bothmeasurearesymmetricaboutthe ori-
gin dueto the symmetrythatthe orientationof theangle, ,
canbearbitrarily chosen.

Whenthe couplingis weak(e = 0.0 ) thePoincaé sec-
tion is reminiscenbf the familiar phaseportraitof a pendu-
lum. Sincethe systemis only weakly chaoticin this caseand
the Lyapuna numberis only slightly largerthanone,there
is a balancebetweenportionsof the planewherethe local
Lyapunw numberis greaterand smallerthanone. The re-
gionsof expansionanddecayare symmetricallydistributed
onthePoincaé sectionthemirrorimageof alocalLyapuna
numberaboutthe = 0 axisis equalto theinverseof that
local Lyapuna number Thelargestvaluesof the local Lya-
punos number ascanbe expectedbasedon the theory are
similarto thedominantsingularvaluesatthe samedocations,
whereashe smallestvaluesof the local Lyapuno number
aresimilar to theinverseof theassociatedlominantsingular
values.Theseextremevaluesarelocatedalong(andnearto)
the separatrixof the pendulum,andapproachinghe origin
the valuesof the predictabilitymeasurebecomegradually
neutral. Thedominantsingularvaluesaredistributedlik e the
local Lyapunas numbersexceptfor thatthe mirror imageof
an expansionaboutthe = 0 axisis an expansionof the
samerate.

As the coupling increasesand the systembecomesin-
creasinglychaotic,new local instabilitiesarisein theregion
of the phasespace(calledregion B hereafter)which is as-
sociatedwith small valuesof the angle and large absolute
valuesof the angularmomentumBoth measuresgreethat
the relative importanceof this region increasedor increas-
ing coupling,but while the dominantsingularvaluetendsto

emphasizehis region, the local Lyapuna numbertendsto
emphasizehe region (calledregion A hereafteraroundthe
unstablesubspacef thehyperbolicfixed point of thependu-
lum.

Anotherinterestingeatures thatthelocal Lyapuna num-
bersuggestexceptionallygoodpredictability(decayind_ya-
punov vector),even at suchlarge valuesof the couplingas
e = 0. , for statesvhenthe systems moving towardthe hy-
perbolicfixedpointof thependulumThis behaior is further
investigatedn the next subsection.

Whenthe Poincag sectiondfor the "slow” planeareplot-
ted using 0 (not shavn) insteadof 0 the large
valuesof the local Lyapuna numberdisappeain region B.
This indicatesthat the key to large Lyapunw numbersat
thoselocationsis the negative radial velocity. This conclu-
sionis well corroboratedoy the "fastplane” Poincaé sec-
tionsshown in theright-hand-sidganelsof Figures4-7: The
local Lyapunas number especiallyfor largervaluesof ¢, in-
dicatesexceptionallylow predictability when the spring is
contracted 0) andmoving toward anincreasinglycon-
tractedstate( 0), andexceptionallyhigh predictability
whenthe springis contractecandmoving towardalesscon-
tractedstate Thedominantsingularvalue,ontheotherhand,
suggestghat low predictability can occur for an even less
contractedspring and regardlesshe direction of the radial
velocity.

5.2 Which measureshouldbetrustedmore?

The resultspresentedso far raisetwo importantquestions:
Which measureshould be trustedmore (i) in the regions

wherethelocal Lyapuno numberindicatesextremelyhigh,

andthedominantsingularvalueextremelylow predictability

or (i) whenthe two measuresndicatedifferentregionsas

the primary areaof low predictability?Thesequestionsan-

notbeanswereavithoutexploringtheprocesshatmakesthe

Lyapuna andthefirst singularvectorschoosesystematically
differentdirectionsin certainregionsof the phasespace.

As it wasexplainedin section2.3, the Lyapunw vector,

(x(t — 7)), cansustainalocal expansiorratesimilar to that
of theright singularvector, only if its projectionon thefirst
rightsingularvector  (x(t), 7) becomesarge.Thiscanhap-
penif andonly if (i) thefirst left andright singularvectors
follow eachotherin a smoothfashion,i.e. if the anglebe-
tween (x(t),7) and (x(¢ 7),7) remainssmall;and
(ii) thefirst Lyapunor vectorhassomeprojectionon thefirst
right singularvectoratthebeginning of the periodfor which
(i) is satisfied.

A comparisorof thefirst andthe last four panelsof Fig-
ures4-7 confirmsthatthetwo measuresf predictabilitygive
similar resultswhenthe above two conditionsare met. But
the samepanelsalso showv that the first Lyapunw vector
canbecomeorthogonalto thefirst right singularvectoreven
if condition (i) is satisfied.This happengrimarily at phase
spacdocationswherethefirst Lyapuno vectordecaysat a
rateequalto theinverseof thedominantsingularvalue,indi-
catingthatthe Lyapun vectorcanget’trapped”by aseries
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e) f)

9) h)
Fig. 4. Left handsidepanelsshav the Poincaé sectionfor the”slow” plane( , ), while right handsidepanelsshav the Poincaé sectionfor the
"fast” plane( , ) ataweakcoupling( ). Colorsrepresenthelocal Lyapune number(panelsa andb), the dominantsingularvalue

(panelsc andd), the projectionof the Lyapun vectoron thefirst right singularvector(panelse andf), andthe projectionof thefirst left singularvectoron
the subsequertirst right singularvector(panelsy andh).
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Fig. 5. Sameasfigure 4, exceptfor
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Fig. 7. Sameasfigure 3, exceptfor
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of smoothlyconnectedrapidly decayindocal directions.To

verify this explanation,figures(not shavn) similar to pan-
els (e-h) were also preparedfor the fourth, insteadof the
first, singularvector As expected,thesefiguresconfirmed
that at locationswherethe Lyapunw vectorwas decaying,
thefourth left andright singularvectorsfollowedeachother
in a smoothfashionandthe Lyapuna vectorevolved along
thedirectionof thefastestecayingsingularvector

It must be emphasizedhat the decayof the Lyapunw
vectoris not associatedavith isolatedphasepoints, ratherit
shaws sharppatternson the Poincaé sectionsin therelated
partsof thephasespaceuncertaintiesn thesolutionsthatare
associateavith initial conditionsuncertaintieof the distant
past,can never be growing. In otherwords, the Lyapunw
vectorcansustainsignificantdecayin certainregionsof the
phasespacegventhoughonaveraget is growingin achaotic
system.

The large dominantsingularvalues,andthe large projec-
tion of the first left singularvectorson the following right
singularvectorsshaw, atthe sametime, thatuncertaintiesn-
troducedmorerecentlycangrow fastin thesameareasvhere
the Lyapunw vector is decaying.Theseresultsshov that
thereis no uniquebestchoicefor measuringhe local pre-
dictability in the elasticpendulum,andthe propermeasure
cannotbe selectedwithout investigatingthe primary source
of theuncertaintyin theinitial conditions.

5.3 Relationshipbetweerocal predictabilityandbalanced
dynamics

For the elasticpendulumthe analogueto a balancedatmo-
sphericstateis a configurationin which the centripetal the
elastic,andtheradialcomponent®f the gravitationalforces
arein balance In this case,the radial acceleratioris zero,
which meanghatthe lastequationof (8) becomesa nonlin-
eardiagnosticequationbetween , ,and . Thisalgebraic
equationis the analogueto the geostrophicbalanceequa-
tion of atmospheriadynamics.This equationallows for the
computationof the balancedength of the springwhenthe
"slow” variables, and , aregiven.Whenthe statevector
is evolved by integrating the full systemof equation(8),
is typically not equalto its hypotheticalbalancedvalue,
The differencebetween and  will be called the unbal-
ancedpart of andhereit will be determinedy computing

from the slow variablesfirst, usingthe Newton-Raphson
method,andthensubtracting from

The right-hand-sidepanelsof Figure 8 demonstratehat

is driven by a combinationof balancedmnotionsandhigh
frequeng resonancesyhile theleft-hand-sidepanelsof the
samefigure shav the unbalancedpart of  on the "slow”
planeby colors.On thesePoincaé sectionsthe unbalanced
components equalto — , sincethe”slow” planeis defined
by the condition = 0. The motionis nearly balancedon
the slow planewhenthe couplingis weak(e = 0.0 ), but
asthecouplingincreases becomesnuchsmallerthanwhat
would be requiredfor the balance,especiallyin region B.
Theunbalanced@omponentn region A, ontheotherhand,is

very smallregardlesghe strengthof the coupling. Combin-
ing theseresultsandthoseobtainedfor thelocal predictabil-
ity, it canbeconcludedhatthelocal Lyapuna numberiden-
tifiesaregion (region A) astypically leastpredictablewhere
the dynamicsis nearly balanced Becausen a nearly bal-
ancedstatethe "slow” variablescontrolthe dynamicsof the
system,it is not surprisingthat the local Lyapuna number
found a strongrelationshipbetweenpredictability and the
hyperbolicfixed point of the "slow” pendulumcomponent
of thesystem.

To further explore the role unbalancedlynamicsplay in
thelocal predictability the unbalancedomponents plotted
for thenormalizedLyapuna andthefirst right singularvec-
tors (Figure 9). This figure shavs that while the Lyapunw
vector (left-hand-sidepanels)is always nearly balancedon
theslow planeindependentlypf the strengthof the coupling,
the first right singularvectoris well balancedonly for the
very small valuesof the angularvelocity, . This shaws,
on the one hand,that not only the basicstatebut also the
perturbation(Lyapuna andright singular)vectorsare well
balancedn region A, confirmingthatthe instability in that
region is associatedvith balanceddynamics.On the other
hand theunbalanceaatureof theright singularvectorplays
obviousrole in thatthe dominantsingularvalueemphasizes
region B asthelocationof exceptionallylow predictability

The resultsof this sectionshow that the two measures
identify differentregionsof the "slow” planeasthe primary
locationof low predictability becausahe Lyapunw vector
is alwaysnearlybalancedwhereagheright singularvector
canbe highly unbalancedit canbe concludedthattherel-
evanceof the two measureslepend®n whetherthe sources
of uncertaintiesn the solutionsaremorerelatedto balanced
or unbalancedlynamics.

5.4 Discussion

Are the resultsobtainedwith a simple Hamiltonianmodel
have ary relevanceregardingatmospherigredictability?To
answerthis question,it shouldbe recalledfirst that the adi-
abaticform of the atmospheriagoverning equationshasa
naturalHamiltonianstructure(e.g.Shepherd1990;Salmon,
1998).Secondlystudieswvith weaklydissipatve atmospheric
modelsfoundasymmetrybetweerthedominantandthesmall-
estsingularvalues(Reynoldsand Palmer,1998)which was
reminiscentf thespectrunof aHamiltoniansystemThough
a recent study (Errico et al., 2001) found that diabatic
mesoscalprocesseasuallydestrgy thissymmetryobsened
synopticscaleinstabilitiescanbe reasonablywell explained
by adiabationodels(e.g.OrlanskiandKatzfey, 1991).It can
beassumedthereforethata Hamiltonianmodelis areason-
ableanalogudo synopticscaleatmospherignotions.

Our resulton the potentialdecayof the Lyapunw vector
shaws thatan error patterngeneratedy an earlierinstabil-
ity hasa very specificstructurethatmay evenleadto strong
decaylater Strongdecayis possibleonly in thoseregions
of the phasespacewhere potentially large growth can oc-
cur. This phenomenons due to the Hamiltonian structure
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a) b)
c) d)
e) f)
9) h)

Fig. 8. Left handsidepanelsshav the Poincaé sectionfor the”slow” planeatincreasingcoupling. Theunbalancedomponenbf  is shavn by colors.Right
handsidepanelsshav the time evolution of ~ (solid redline) andits balanceccomponen{solid blue line) for a selectedrajectorynearthe separatrixThe
couplingparameters,, are0.025(panelsaandb), 0.25(panelsc andd), 0.325(panelse andf), and0.4 (panelsgy andh).
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a) b)
c) d)
e) f)
9) h)

Fig. 9. Left handsidepanelsshav the unbalancedomponenbf for the Lyapune vector while theright handside panelsshav the samefor thefirst right
singularvector Thecouplingparameters,, are0.025(panelsaandb), 0.25(panelsc andd), 0.325(panelse andf), and0.4 (panelsg andh).
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of the systemAlthough,in contrasto theelasticpendulum,
there are more than one expandingphasespacedirections
for the atmospherethereis growing evidencethat synoptic
scaleatmospheridynamicscan be low dimensionalin the
regionsof a geographicalljocalizedinstability (Patil etal.,
2001).Furthermorefor the dominantatmospheridnstabili-
ties,typically thereexistsadecayingphasespaceirectionin
associatiorwith eachgrowing direction.For instancewhile
westward’leaning” perturbatiorstructuredeadto baroclinic
growth in regions of strong vertical wind sheay eastvard
leaningstructuresare decayingat a similar rate. Likewise,
in aregion of stronghorizontalwind sheareddiescaneither
grow or decaythroughbarotropicenegy corversiondepend-
ing on theorientationof their axis.

It canbe expectedthatin the atmospherg¢hereare com-
plex interactiondetweerthedifferentgrowing anddecaying
phasespacealirections.For instanceit is awell acceptedhat
mostsynopticscalewavesaregeneratedby baroclinicinsta-
bilities of the jet streamandwiped out by barotropicdecay
in the exit region of the jet (e.g. Whitaker and Dole, 1995).
A wave generatedby anearlierbaroclinicinstability cande-
caybecausef the orientationof its axis,while anothereddy
canstartgrowing simply becauseandomnoisemay project
ontoa structurein which theaxisis pointinginto a direction
neededfor a barotropicgrowth. In this situation,the local
Lyapuna numberwould presumablyindicatethe decayas-
sociatedvith thedecayingvave, while thedominantingular
vectorcouldindicatethe potentialfor growing errors.

Ourresult,thatthe structureof thefirst right singularvec-
tor is typically highly unbalanceauggeststhatin a system
for which balancedandthe unbalancednotionscanbe de-
fined, unbalancedberturbationscan be expectedto lead to
rapidinstantaneousrrorgrowth regardlessf anattractorex-
istsor not.

Onthepracticalside,it is essentiato explorewhetherthe
known sourcesof uncertaintiesn the initial conditionscan
leadto theunbalancedtructurerequiredfor therapidgrowth
indicatedoy thedominantsingularvalue.If not,suchchoices
of the coordinateginner products)houldbe preferredsoas
to efficiently filter theunbalancedeaturesrom thedominant
singularvectors.The feasibility of finding suchcoordinates
wasdemonstratetdy EhrendorfeandErrico (1995).

The predictability measuresonsideredn this papercan
guantifyonly thatpartof thelocalforecastdegradationwhich
is dueto sensitvity to theinitial conditions.t isimportantto
note,however, thatin atmospheri@applicationsmodelerrors
alsoplay animportantrole. (In our simple model,the only
modelrelatederrorthathassomeeffecton thelocal forecast
accurag is the local integration error. However, dueto the
high-accurag of the integration schemethis componenis
negligible comparedo the chaosrelatedforecastuncertain-
ties.)

Finally, it shouldbe notedthatthemagnitudeof theuncer
taintiesin the analysegbestavailable estimatesf the true
initial stateof theatmosphereis finite andnotinfinitesimally
small as assumedy the predictability measuresThe time
evolution of theforecastuncertaintiestherefore canrapidly

becomenonlinear Whenthis happensneitherthe dominant
singularvalue, nor the Lyapuno numbercan provide cor-

rect estimatesof predictability While almostall studieson

atmospherigredictabilityare basedon the assumptiorthat
the evolution of uncertaintiess linearfor thefirst two-three
forecastdays,the rigoroustestsof Gilmour et al. (2001)re-

vealedthat the linearity assumptionrmay not even be valid

for the entirefirst forecastday. We arecurrentlyin the pro-

cessof building a three-dimensionalariationalassimilation
systemfor the elasticpendulum.Our planis to usethis data
assimilationsystemfor obtainingestimatesof the analysis
andforecasuncertaintiesThen,theseestimatesvill beused
to verify therelevanceof thelinearity assumptiorandtheca-
pability of the two predictability measureso predictlikely

forecasterrorsin the elasticpendulum.The resultsof these
experimentswill be presentedh aforthcomingpaper

6 Conclusions

Thetwo key findingsof the studyare:

— For the simple model consideredthere exist regions
wherethe local Lyapuna numberindicatesexception-
ally highpredictability while thedominantingularvalue
indicatesexceptionallylow predictability This canhap-
pen,becauséhelyapunw vectorcanbecometrapped”
by smoothlyconnectedlecayingsingularvectorswhich
areorthogonalo the expandingphasespacedirections.
This canleadto anoverestimatiorof predictabilitywhen
the importantforecasterrors have sourcesother than
smallerrorsintroducedn the distantpast.

— Thestructureof theright singularvectorassociatewith
the dominantsingular value tendsto be significantly
moreunbalancedhanthestructureof theLyapun vec-
tor. Dueto this, the local Lyapuna numberhasa ten-
deng to chooseinstabilitiesassociatedvith balanced
motion,while the dominantsingularvaluefavorsinsta-
bilities relatedto highly unbalancednotion. This may
leadto anunderestimatiof predictabilitywhenthere
areno suchsourcef uncertaintythatcould createthe
highly unbalancedstructuresSincethis resultwasob-
tainedby a consenrative (Hamiltonian) model, it indi-
catesthatthis phenomenomanoccurevenif anattrac-
tor, aswell asoff-the-attractoinitial statesdonotexist.

AppendixA  Symmetric compositionschemedor the elas-
tic pendulum

Al Symmetriccompositiormethods

The basicexistence-uniquenesheoremfor ordinarydiffer-
ential equationgmpliesthat, for smoothfunctionsX (x(t)),
thesolutionto theinitial valueproblem(1) is definedn some
neighborhoodf ¢ = 0 [e.g.,][](GuckenheimeandHolmes,
1983).This solutiondefinesamapbetweerthe pointsx, and
x(t) in the n-dimensionalphasespace.This map, denoted
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by (tX) (i.e., x(t) = (tX)xp), is called the flow
generatedy the vectorfield X (the argumentx is omitted
for brevity). Symmetriccompositiormethodscanbe usedto
build numericalintegratorswhenit is possibleto find a de-
composition

X= X (A1)

of thevectorfield X suchthattheflows (X ), (tX ),
., (tX ) all canbedeterminedhnalyticallyfor atimein-
terval ¢. Thendifferentorderapproximationdo  (¢X)
canbe constructedy the repeatediuseof the partial flows
(Yoshida,1990).For instance,

t) = X)) (X )... (X )(xo) (A2)
= x(t) (t),
is afirst orderintegrator, while
t) = (-tX)  (—tX)...
X )... (=tX) (-tX )(x0)
= x(t) (t) (A3)

is asecondbrderintegrator

It is importantto notice,that (¢) and (t) arecomposite
functions.Thecomputatiorof (¢) for onetimestepinvolves
the following seriesof function evaluations:first (tX )
is appliedto the initial conditionxg, then (X ) is
appliedto  (tX )(xg), etc.until (tX ) is appliedto

(tX )...  (tX )(xo) inthelaststep.Oncea properde-

compositionof the vectorfield hasbeenobtained,the sub-
scripts ( = ,.. ) canbeassignedn ary arbitraryorderto
thepartialvectorfields. Theintegrationis carriedforwardby
shiftingtheoriginto ¢ aftereachcompletedime step.

Thestandardvayto construchigherorderschemesut of

is to usea symmetriccomposedymmetricsteps(or type
S9 techniqueof thegeneraform

( 1. ( .. (1.

Theartis to find asetof coeficients , ,.. thatgives
anerrortermof therequiredorder Coeficients,notonly sat-
isfying this requiremenbut alsominimizing the leadingor-
der errorterm, are availablefor a variety of differentorder
schemesn McLachlan(1995). This paperalsoderived op-
timized coeficients for a numberof symmetric(or type S
in short) methods.Theseschemesuse  (¢) = (¢) and

(A4)

t) = (—t) ashuilding blocksto constructschemes
of thegeneraform
(t) @dt.. (t) (di. (A5)

The numberof evaluationsof ~ (¢X ) pertime stepis al-
waysequalto  for both the S and SStype schemesand
if the solutionis neededafter eachtime stepthe numberof
evaluationper time stepsis forthemap  (tX ).
For the remainingmapsthe numberof evaluationspertime

Scheme Order Type

[uy

m
S 1
S 2
SS 2
SS 3
SS 5
SS 5
S 4
S 5
SS 7
SS 9

SS 15

17

PR
SRERBowo~v~oorwnr
oo DNDN

SS

Table Al. List of integrationschemegonsideredn this paper Both sym-
metric (Type S) and symmetric composedsymmetric steps (Type SS)
schemef different orderswith varying numberof evaluationsfor each
time step(m) areconsidered.

stepis , which meansthata schemecanbe further opti-
mizedby choosingthe computationallynostexpensve map
as (tX ) andthecomputationallyeastexpensve onesas
intermediatesteps.

A2 Applicationto theelasticpendulum

If apartitioning = of the Hamilto-
nian exist suchthat the flows (¢ ), (t ),
c (t ) canbe determinecdhnalyticallyintegrators
thatpresenre the symplecticstructureandareaccurateo any
givenrequiredordercanbe constructedyy the repeatedise
of the partial flows (Yoshida,1990; McLachlan,1995). In
whatfollows, the above theoryis appliedto the elasticpen-
dulumequationsTheflows (¢ ), (t ), e
(t ) canbe easilydeterminedor a decomposition
of the vector field that consistsof systemsof differential
equationswith the following two properties(i) in someof
the equationgheright handsideis zero,i.e thevariableson
theleft handsideof the sameequationsareconstan((ii) the
right handsidesof the remainingequationgdependonly on
the constantvariables.Sucha decompositiorof the elastic
pendulumequationscanbe achieved by a'three-map’split-

ting (, )= (,) () (), where

(A6)

The threedifferentialequationdefinedby (A6) are easyto
solve andthethreeelementarynapsare

(t ):

® = (0 e (0
) = () e e (0
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(t )
& = (0 ¢ (0

(A8)
(t )
® = (- e (0 0)¢ (A9)
® = - (0 ¢ 0) ¢

Stepghatdonotchangeahevalueof thevariableqe.g. (t) =

(0)) areomittedfor brevity andthe orderingof the terms

, ,and isnotby accidentThis particularordering
providesthe fastesnumericalintegrators.

For comparingthe efficiency of the differentschemesve
definework asthenumberof theevaluationsof (¢ )
neededo integratethe modelfor aunit timeinterval. Thisis
equalto  timesthe numberof time stepsfor the unit time
interval. Thisdefinitionwaschoserbecausé¢heevaluationof

(t ) requirestwo ordersof magnitudemore CPU-
time the computatiorof the otherelementarymaps.

We notethatthe experimentspresentedn this paperalso
requiredthe coding of the tangentlinear map for all 12
schemesThis wasnot especiallydifficult sincethe tangent-
linearoperatorgo the higherorderschemesvereeasilybuilt
fromthetangentinearoperatord¢o theelementarynapgA7-
A9).
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