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Abstract. The 2 degree-of-freedomelasticpendulumequa-
tions canbe consideredasthe lowestorderanalogueof in-
teractinglow-frequency (slow) Rossby-Haurwitzandhigh-
frequency (fast) gravity waves in the atmosphere.The
strengthof the couplingbetweenthe low and the high fre-
quency wavesis controlledby a singlecouplingparameter,� , definedby theratioof thefastandslow characteristictime
scales.

In thispaper,efficient,highaccuracy,andsymplecticstruc-
turepreservingnumericalsolutionsaredesignedfor theelas-
tic pendulumequationin orderto studytherolebalanceddy-
namicsplay in local predictability. To quantify changesin
thelocal predictability, two measuresareconsidered:thelo-
cal Lyapunov numberandthe leadingsingularvalueof the
tangentlinearmap.

It is shown, both basedon theoreticalconsiderationsand
numericalexperiments,that thereexist regionsof the phase
spacewherethelocalLyapunov numberindicatesexception-
ally high predictability, while the dominantsingularvalue
indicatesexceptionallylow predictability. It is alsodemon-
stratedthat the local Lyapunov numberhasa tendency to
chooseinstabilitiesassociatedwith balancedmotions,while
the dominantsingular value favors instabilities related to
highly unbalancedmotions.The implicationsof thesefind-
ingsfor atmosphericdynamicsarealsodiscussed.

1 Intr oduction

Althoughit is widely acceptedthatpredictabilityvarieswith
theatmosphericflow, the issueof finding a singlebestmea-
sureto quantify this variationhasnot yet beensettled.Mea-
suresof local predictabilityin phasespacehavebeenstudied
andcomparedfor awidevarietyof modelswith atmospheric
relevanceranging from systemswith few degreesof free-
dom(e.g.,Farrell, 1988,1990;TrevisanandLegnani,1995;
Lorenz,1996;LegrasandVautard,1996;Smith,1997;Fred-
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eriksen,2000;Trevisanetal.,2001;Ziehmannetal.,2001)to
more realistic atmospheric models with higher
complexity (e.g.,LacarraandTalagrand,1988;Houtekamer,
1991; Molteni and Palmer,1993; Vukicevic, 1993; Buizza
andPalmer,1995;EhrendorferandErrico,1995;Vannitsem
andNicolis, 1997;Szunyoghet al., 1997;Patil et al., 2001).
The aim of the presentpaperis to further investigatethis
subjectfor a low-order, non-dissipative analogueto the at-
mosphericgoverningequationsthatcanmaintainmotionsof
distinctlydifferenttimescalesandcanaccommodateanana-
logueto balancedatmosphericmotions.

The first low-order model to study interactionsbetween
motionsof different time scalesin the atmospherewasde-
rived by finding the lowestorder truncationof the shallow
waterequations(Lorenz,1986).Thismodel,todayknown as
thefive-variableLorenz(L5) model,is anonlinearlycoupled
systemof two simple integrablemechanicalsubsystems:a
nonlinear pendulum and a harmonic oscillator
(Camassa,1995;Bokhove andShepherd,1996).For appro-
priatechoicesof thecontrolparametersthefrequency of the
rotationof thependulumis muchslower thanthefrequency
of theoscillator. In thiscase,the”slow” swingingof thepen-
dulumandthe”f ast” resonanceof theoscillatorcanbecon-
sideredasanaloguesto the low frequency Rossby-Haurwitz
waves and the high frequency gravity waves in the atmo-
sphere.In a perfectlybalancedstate,the coordinates(vari-
ables)associatedwith ”f ast” motionsareslavedto thecoor-
dinatesrelatedto ”slow” motions.Thatis, the”f ast”compo-
nentscanbedeterminedfrom the”slow” componentsat any
giventimeinstanceby solvinganalgebraicbalanceequation.

Lynch(1996,2002)pointedout thata slight modification
of thecouplingtermin theL5 modelleadsto theequationof
motionfor theelasticpendulum,wherea massis suspended
from anelasticrod which canrotateandstretch,but cannot
bend.Therolebalanceddynamicsplaysin predictabilitycan,
therefore,be addressedby studyingeither the L5 modelor
the structurallyequivalent elasticpendulum.In this paper,
for the sake of physical transparency, we study the elastic
pendulumequations.
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2 Gyarmatiet al.: Localpredictability

To quantifychangesin thelocal predictabilityof theelas-
tic pendulumwe considertwo differentmeasures:the lead-
ing singular value of the tangentlinear map and the local
Lyapunovnumber. Thesetwo measures(and/orsomeof their
derivatives)havealreadybeencomparedin aseriesof papers
(e.g., Trevisan and Legnani, 1995; Szunyogh et al., 1997;
ReynoldsandErrico,1999;Samelson,2001;Ziehmannetal.,
2001).The main motivationsfor revisiting the issuefor the
elasticpendulumare twofold: (1) Sincethe elasticpendu-
lum hasHamiltonianstructure,its singularvalue spectrum
is symmetric.This symmetrycanbe exploited to studythe
relationshipbetweensingularvaluesandthelocal Lyapunov
numberin a more transparentmannerthan in a dissipative
system.(2) Studieswith complex modelsbasedontheatmo-
sphericprimitive equations(Szunyoghet al., 1997;Thorpe,
1996;Errico, 2000;Montani andThorpe,2002) found that
for acommonchoiceof thecoordinates,unbalancedmotions
playedan importantrole in local predictability whenmea-
suredby thedominantsingularvalue.In addition,Szunyogh
et al. (1997)demonstratedthat the local Lyapunov number
measuredinstabilitiesassociatedwith nearly balanceddy-
namics.That paperalsoconjecturedthat the differencebe-
tweenthe two measuresof local predictabilityandtheir re-
lationshipto the balanceddynamicsmay be dueto the fact
that the local Lyapunov numbermeasurespredictabilityfor
trajectoriesontheattractorof thesystem,while thedominant
singularvaluecanpotentiallybeassociatedwith trajectories
which are initially off the attractor(e.g., Anderson,1995;
LegrasandVautard,1996;TrevisanandPancotti,1998).In
thispaper, wewill demonstratethattherelationshipbetween
thepredictabilitymeasuresandtherole of balanceddynam-
ics isnodifferentfor theelasticpendulumthanfor dissipative
atmosphericmodels.Thissuggests,thatin termsof balanced
dynamics,it is not theexistenceof an attractor, but thepres-
enceof multiple time scalesthat plays the key role in the
differencesbetweenthepredictabilitymeasures.(Theelastic
pendulumhasmultiple time scalesbut noattractorsinceit is
a non-dissipativesystem).

Theoutlineof thepaperis asfollows.Section2 is a brief
overview of the measuresof local predictabilityconsidered
here.Section3 presentsthe basicdynamicalequationsand
givesa shortdescriptionof thegeometryof thephasespace.
A new family of symplecticstructurepreservingnumerical
solutionsfor the elasticpendulumis presentedin section4
(technicaldetailsare provided in the Appendix),while the
mainresultsof thepaperonlocalpredictabilityarepresented
in section5. Section6 offerssomeconclusions.

2 Measuresof local predictability

2.1 Thetangent-linearmap

Equationsthat typically arisein atmosphericdynamics(and
in numericalweatherprediction),afterthepartialdifferential
equationsthatgoverntheatmosphericmotionshavebeendis-
cretizedin space(e.g.,Kád́ar et al., 1998),canbewritten as

a systemof ordinarydifferentialequations,��������	��
 � 
 �
�
��� � 
�� � � �����
(1)

wherethe statevector,
� 
 �
� , andthe vectorfield, ��
 � 
 �
�
� ,

have � components.
The time evolution of an infinitesimalperturbation,� ��� ,

to the nonlineartrajectoryat
� 
 ������� is determinedby the

associatedtangent-linearequation,� � ���� �	����
 � 
 �
�
� � � � � � 
 �!�"��� � � � � � (2)

where�#� is theJacobianmatrix for thevector-valuedfunc-
tion ��
 � 
 �
�
� (e.g.Ott, 1993).The solution of the tangent-
linearequationdefinesthetangent-linearmap $ 
 � 
 �
���
��� , for
which� � 
 �
� � $ 
 � 
 �
���%��� � � �'& (3)

Measuresthatquantify the local predictabilityat
� 
 �
� are

traditionallydefinedby theexpansionrate ()� � 
 �
� (+*,()� ��� ( of
aproperlyselectedinitial perturbationvector � ��� , where (�-.(
denotestheEuclideannorm.Thedifferencebetweenthe lo-
cal predictabilitymeasures(in this paperthelocalLyapunov
numberandthe dominantsingularvalue)is in the selection
of theinitial perturbationvector � � � .
2.2 Dominantsingularvalue

SingularValueDecomposition(SVD) (e.g.,p. 70-72Golub
and Van Loan, 1983) guaranteesthat for $ 
 � 
 �
�/�
��� there
exist two setsof orthonormalbasisvectors, 0 132 � &4&5& � 1�687 and0 9 2 � &5&4& � 9 6 7 , andasetof real,non-negativescalars,: 2 � &4&4& � : 6
( : 2<; :'= ; &4&4& ; : 6 ), suchthat> 
 � 
 �
���%��� 1�? 
 � 
 �
���%��� � :�? 
 � 
 �
���
��� 93? 
 � 
 �
���%��� & (4)

The scalars :@2 � &5&4& � :�6 are the singular values, while0 132 � &4&5& � 1�687 and 0 9 2 � &5&4& � 936A7 are,respectively, the right (ini-
tial) andtheleft (evolved)singularvectorsof thematrix that
representsthetangentlinearmap

> 
 � 
 �
�/�
��� .
It is importantto emphasizethat the SVD of a linearop-

eratoris not independentof the choiceof the local coordi-
nates(componentsof

�
), B 2 � BC= � &5&4& � B 6 ; (or of the choiceof

the inner productif the coordinatesarefixed and the inner
productis varied).In the atmosphericsciences,the general
practiceis to choosethecoordinatessothatthesquareof the
norm generatedby the Euclideaninner productbecomesa
quantitywith anenergy dimension(Talagrand,1981;Buizza
et al., 1993).

Since 0 132 � &4&4& � 1�687 provideanorthonormalbasis,any initial
perturbation,� ��� , canbewrittenas� � � � 6D ?4E 2GF 1�? 
 � �%����� � � 
 �
�H��I 1�? 
 � 
 �
�/�
���/� (5)

where F - � - I denotesthe Euclideaninner product,which
combinedwith (3) and(4) gives� � 
 �
� � 6D ?4E 2 : ? 
 � 
 �
�/�
��� F 1 ? 
 � 
 �
���
���/� � ����I 9 ? 
 � 
 �
���%��� & (6)
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This meansthat when the uncertaintyin the prediction is
measuredby the Euclideannorm the largestpossibleam-
plification of the uncertaintyis definedby the first singu-
lar value :C2 
 � 
 �
�/�
��� . The dominant (first) singular value,:C2 
 � 
 �
���%��� , can, therefore,be consideredas a measureof
local predictabilityat

� 
 �
� . (A closelyrelatedpredictability
measureis thefinite timeLyapunov exponent,J � �@K 2@L4M 
 : 2 
 � 
 �
�/�
���%� , definedby Ziehmannet al. (2001)
in a slightly different form). The dominantsingularvalue,
of course,is dependentnot only on thephasespacelocation� 
 �
� , but alsoon thechoiceof thecoordinates,andthetime
interval,

�
.

Finally, it shouldbenotedthatin atmosphericsciencesthe
predictabilityat

� 
 �
� is typically measuredby thedominant
singularvalueassociatedwith thetimeinterval 0 ���
�%NO� 7 rather
than 0 �P�����
� 7 . In thispaper, wedefinethedominantsingular
valuebasedon thepastevolution of thetrajectorysothere-
sultscanbedirectlycomparedto thelocalLyapunov number.
None-the-less,our mainconclusionson therole of multiple
timescalesandbalanceddynamicsareequallyvalid for both
definitions.

2.3 LocalLyapunov number

As
�

goesto infinity, all typical perturbations,� � 
 �
� in equa-
tion (3), turn into thedirection, Q 
 �R� , parallelto thefirst left
singularvector definedfor an infinitely long time interval,9 2 
 � ��S�� . Thevector Q 
 �R� is usuallyreferredto asLyapunov
vector. It is important to emphasize that, although
equation(4) involvestheSVD (whichis dependentontheco-
ordinates),theLyapunov vectoris independentof thechoice
of the coordinates(LegrasandVautard,1996;Trevisanand
Pancotti,1998).For a shortinterval of time,

�
, thespeedof

the separationbetweentrajectoriescanbe characterizedby
the local Lyapunov numberT 
 � �
��� � ( > 
 � �
��� Q 
 � 
 � �����%� ((/Q 
 � 
 �!�"���
� ( &

(7)

(A closely relatedpredictability measureis the finite sam-
ple Lyapunov exponent, U � � K 2/V � 
 T 
 � 
 �
�/�
���%� , definedby
Ziehmannetal. (2001)in aslightly differentform.)Thelocal
Lyapunov numberis alwayspositive with valuesof greater
than one indicating diverging trajectories,and values of
smallerthanone indicating trajectoriesthat areconverging
in thephasespace.For any givenchoiceof thecoordinates,
theupperboundfor the local Lyapunov number(definedby
the relatedEuclideannorm in (7)) is equalto the dominant
singularvalue,: 2 
 � 
 �
�/�
��� , while thelowerboundis equalto
thesmallestsingularvalue, :�6 
 � 
 �
�/�
��� . Theupperboundis
reachedwhenthefirst right singularvector, 132 
 � 
 �
���
��� , and
the Lyapunov vector, Q 
 � 
 ���W���%� areparallel,sincefor the
givenchoiceof coordinatesthefirst right singularvectorde-
finesthedirectionof thefastestpossiblegrowth with respect
to theEuclideannorm.

It is important to notice, that when the coordinatesare
changedthenew Lyapunov vectorcanbeeasilycomputedby
acoordinatetransformation,but theright singularvectorhas

l0

r

m

θ

Fig. 1. Schematicpicture of the elasticpendulum.The length of the un-
stretchedrod is XZY , the distancebetweentheorigin andthepoint mass,[ ,
is \ , andtheangleof thependulumis ] . Thedashedline shows thecircle,
alongwhich thependulumwould move if therodwasnon-elastic.

to be recomputed.This shows, on the onehand,that while
thelocalLyapunov numbermeasuresexpansion(or contrac-
tion) associatedwith the samephysicalprocessregardless
the choiceof the coordinates,the dominantsingularvalue
canemphasizedifferentphysicalprocessesdependingonthe
choiceof the coordinates.On the otherhand,the dominant
singularvalue is a truly local quantity, dependingonly on
the trajectoryconnecting

� 
 �^�_��� and
� 
 �
� , while the local

Lyapunov numberis alsodependenton the entiretrajectory
leadingto

� 
 �!�"��� .
3 The elasticpendulum

3.1 Basicequations

The elasticpendulumis a point mass,̀ , suspendedby a
weightlesselasticrod, with an unstretchedlengthof V � and
springconstanta , which maystretchbut not bend(seeFig-
ure 1). The angularoscillation frequency of the pendulum
in the limit of small displacementis bPc �ed f * V � , wheref is thegravitationalacceleration.Whenthedisplacementis
not small the frequency of the rotationalmotioncanbe sig-
nificantly differentfrom b c (e.g.,Tabor, 1989).The elastic
frequency is b!g � d a�*h` , andthecouplingparameter� is
definedby the ratio � � b c *+bPg . In this paper, only values�ji � & k areconsidered.

For this simplephysicalsystem,the nondimensionalized
equationsof motionscanbewrittenasa systemof nonlinear
ordinarydifferentialequations(Lynch,1996,2002)��l��� � m'n@
po N � 2
q =/r � K = � (8)
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po N � 2
q = r �As%t M l!�� r��� � � K 2 m'u �� m u��� � � 2
q = m n = 

o N � 2%q = r � KCv � � K 2 r N � 2%q =�w/x sAl &
Theunitsof mass,lengthandtime aredefined,respectively,
by themassof thebob, ` ; thelengthof theunstretchedrod,V � ; and the inverseof the rotational frequency, o *+bPc . The
dynamicalvariablesaredefinedin a polarcoordinatesystem
andrescaledsothatthey areall of thesameorderfor thetyp-
ical valuesof theinitial condition.Namely,

l
is theanglebe-

tweentherodandthevertical(
l �y� is theangleat rest)and

theangularmomentum,m'n , is positivefor counterclockwise
rotation.In addition,it is assumedthat theamplitudeof the
elasticmotionis small.More precisely, for thecasesconsid-
eredherethe distancebetweenthepoint massandthefixed
endof therod is z �{o N � 2%q = r and

r
is of thesameorderasl

and m n . The scaling m'u|� � 2%q = � z�* ��� 
}� � � r * ���
� ensures
that m'u is of thesameorderastheothervariables.

Using the generalizedcoordinateand momentumrepre-
sentation,i.e. introducing ~ ��
 l!� r � and � ��
ZmCn � m u � ; and
definingtheHamiltonian � 
 ~ � � � by thetotal energy of the
system� � o� � K 2 
�m u = N r = �%N�o� m'n = 

o N � r � K = � w/x s,l 

o N � 2%q = r �/� (9)

the equationof motion ( 8) canbe expressedin symplectic
Hamiltonianform������ ���R��� � & (10)

Here,
� ��
 ~ � � �
� ,�|����� �� ����� (11)

andthesymbols� and � stand,respectively, for thezeroand
theunity matrices.

For theelasticpendulum,asfor any Hamiltoniansystem,
therearetwo independentconservationlaws� ������y�,� � b���"�y�,� (12)

whereb ��� �|� � ~ is a differentialtwo-form andthesym-
bol � standsfor the exterior-derivative. (e.g.Arnold, 1989;
Weintraub, 1997). The first conservation law is the
well-knownconservationof energy, while thesecondconser-
vationlaw is theconservationof symplecticstructure. These
conservation laws provide a symmetricsingularvaluespec-
trum describedin thefollowing subsection.

3.2 Thegeometryof thephasespace

Dueto theconservationof thesymplecticstructure,thesin-
gularvaluesarein pairsdefinedby therelation : ? 
 � 
 �
�/�
��� �: K 26 K ?4� 2 
 � 
 �
�/�
��� . This meansthat phasespacelocationsof
the largestpotentialgrowth (locationswhere :C2 
 � 
 �
�/�
��� is

the largest)are also locationsof the largestpotentialdecay
( :'6 
 � 
 �
���
��� � : K 22 
 � 
 �
�/�
��� ). This also implies that there
areno phasepoints,wherethe largestsingularvaluecanbe
smallerthanone. Thisis in contrastto thebehavior observed
for dissipative systems(Smithet al., 1999;Ziehmannet al.,
2001).

For the elasticpendulumtherearetwo generalizedcoor-
dinates(

l
and

r
) andtwo generalizedmomenta(m n andmCu ),

which meansthat (8) is a 2 degree-of-freedomHamiltonian
system.Thus,thephasespaceis 4-dimensional(n=4); how-
ever, due to the conservation of energy, the trajectoriesare
confinedto a 3-dimensionalspace(energy shell).Moreover,
when � is small, or more formally when ��i o�� K'��� , the
Kolmogorov-Arnold-Moser(KAM) theoremensuresthatre-
mains a positive measureof trajectorieson 2-dimensional
invariant tori embeddedin the 3-dimensionalenergy shell
(Lynch, 1996, 2002). The exceptionsare chaotic trajecto-
ries that fill the 3-dimensionalspacebetweenthe invariant
tori. Theinvarianttori definetheanalogueof theatmospheric
slow manifold.As � increasesan increasingnumberof tra-
jectoriesbecomechaoticandtheinvarianttori graduallydis-
appear.

Lynch(1996,2002)showednumericallythatmostinvari-
ant tori remainpractically intact for suchlarge valuesof �
as0.2. Imagesof the invarianttori in the Poincaresections,
plottedfor the (

l
,m n ) andthe (

r
, m'u ) planes,arecontinuous

(typically closed)curves,while imagesof thechaoticorbits
fill areasbetweenthe tori, but in finite time numericalcom-
putationsappearassetsof disconnecteddots(examplesare
shown in Fig. 4-7).

4 Numerical solutions

4.1 A new family of numericalsolutions

For most initial conditions,the elastic pendulumequation
cannotbe solved analyticallyas an explicit integral, hence
only approximatenumericalsolutionscanbe obtained.The
errorsintroducedby the numericalintegrationschemeand
theerrorsdueto uncertaininitial conditions(chaos)aregen-
erally consideredto be two independentsourcesof forecast
error. It shouldbe notedthough,that the non-integrablena-
tureof theequationsandthechaoticbehavior of theHamil-
toniansystemthey describearecloselyrelated(e.g.,Tabor,
1989).

Thenumericalintegrationschemescanintroduceboth lo-
cal integrationerrorsandstructural errors into thesolutions.
The local integrationerror, definedasthequantitative accu-
racy of the solution for a time step,is proportionalto the
timestepandtheorderof theintegrationscheme.Decreasing
(increasing)the time stephasthe sameeffect as increasing
(decreasing)theorderof thescheme.Whenenhancedpreci-
sionis needed,usually, increasingtheorderof theschemeis
cheaperthandecreasingthe time step.The possibilitiesare
not unboundedthoughsincethe time stepcannotbe larger
thanwhatis necessaryto resolvethefastestpossiblechanges
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in themodeledsystem.Thisprinciplesetsanupperboundon
the orderof the integratorthat canbe efficiently usedto in-
tegratethemodelat a givenlevel of accuracy. For theelastic
pendulumequationthis boundis setby thetime scaleof the
oscillator. Becausethetime unit is equalto thetime scaleof
theslow motion,it canbeexpectedthatthelargestsufficient
timestepwoulddecreaseas � decreases.

Structuralerrorsof thenumericalsolutionsaredistortions
in the geometricstructure(qualitative behavior) of the sys-
tem(Sanz-Serna,1992).Structuralerrorscanbesevereeven
if the integration schemeprovides high local accuracy. A
theoremby Ge and Marsden(1988) states,that a numeri-
cal solutionwith a constanttime stepcannotpreserve both
thesymplecticstructureandtheenergy for a non-integrable
Hamiltoniansystem.That is, the numericalsolutionsof the
elasticpendulumwill be inevitably burdenedby structural
errors.For this paper, we chooseto searchfor solutionsthat
preserve the symplecticstructure.The motivationsto do so
arethat (i) structurepreservingschemesconserve the sym-
metry : ? 
 � 
 �
���%��� � : K 26 K ?5� 2 
 � 
 �
���%��� for the singularval-
ues;and(ii) structurepreservingschemesareknown to be
moreefficient in conservingtheenergy thanenergy preserv-
ing schemesin conservingthestructure.

Theelasticpendulumis a non-separableHamiltoniansys-
tem,whichmeansthatadecomposition� 
 ~ � � � � �#2 
 ~ �8N� = 
 � � doesnot exist. Therefore,standardstructurepreserv-
ing Runge-Kuttamethods(e.g.Sanz-SernaandCalvo, 1994)
cannotbe applied.To the bestof our knowledge,the only
wayto preservethestructureof anon-separableHamiltonian
systemis to constructa symmetriccompositionscheme.In
theAppendix,a family of new first-, second-,fourth-,sixth-,
andeighth-ordernumericalsolutionsis constructedfor the
elasticpendulumbasedon thegeneralresultsof McLachlan
(1995).

4.2 Selectionof theoptimalscheme

The global structuralaccuracy of the numericalsolution is
measuredby thermsrelativeenergyerror,���¡  � ¢££¤ o¥ ¦D ?5E 2¨§ 
P©�ª? �!� ©� �©� � « = � (13)

which is therelative root-mean-squaredistancebetweenthe
constantenergy surfaceof the real system(known from the
initial conditions)andthenumericalsolutionfor a long tra-
jectory. Here,

¥
is thenumberof time stepstakenalongthe

trajectory, ©� ? is theenergy in thenumericalsolutionafterthe¬
th timestep,and ©� � � � 
 ~ 
.� �/� � 
.� �
� .

In orderto comparetheefficiency of thedifferentintegra-
tors,awork is definedto betheestimatednumberof function
evaluationsneededto integratethemodelfor a unit time in-
terval.Thenonetypical initial / conditionis selectedfor each
of thefour differentvaluesof thecouplingparameter, � , con-
sideredlater, andthenumericalsolutionsarecomputedfor a
2000time unit interval by eachintegrationschemelisted in

TableA1. Thesecomputations,asany othersreportedin this
paper, arecarriedout at 8-bytearithmeticprecision.

Thermsrelativeenergyerroris plottedasfunctionof work
for eachnumericalsolutionin Figure2, whereit canbeseen
that differentschemescanbe optimal dependingon the re-
quiredaccuracy of the solution.In general,the lower order
integration schemesare more efficient in producinglower
accuracy solutions,while thehigherordermethodsaremore
efficientwhenhighprecisionis required.

Sincethemainconcernof thispaperis thelocalpredictabil-
ity of themodeledphysicalsystem,it is desirableto increase
thelocalaccuracy of thesolutionsasmuchaspossible.Hence,
all predictabilityexperimentsarecarriedout by scheme12,
which is an eighthordermethod.For a 0.01 time unit step,
which is usedin all computationsreportedhereafter, this
schemeprovidessolutionswith anerrornotlargerthan o+� K 2 � .
5 Predictability experiments

5.1 Localpredictability

As mentionedbefore,both local predictabilitymeasuresin-
vestigatedhere(the dominantsingularvalue and the local
Lyapunov number)aredependenton the choiceof the time
interval

�
. Ziehmannetal. (2001)demonstratedby examples

that the finite time Lyapunov exponent(a derivative of the
dominantsingularvalue)andthefinite sampleLyapunov ex-
ponent(a derivativeof thelocal Lyapunov number)areboth
stronglydependentontheselectionof theshorttimeinterval.
Therefore,in computingthepredictabilitymeasure,our first
task is to selectan appropriate

�
. In order to make our re-

sultscomparableto thosein theFigure1 of Ziehmannet al.
(2001); the dependenceon

�
is characterizedby the distri-

bution of the finite time Lyapunov exponent,
J

(asdefined
in section2.2) for thedominantsingularvalue, : 2 
 � 
 �
�/�
��� ,
andby thedistribution of the finite sampleLyapunov expo-
nent, U (as definedin section2.3) for the local Lyapunov
number,

T 
 � 
 �
�/�
��� . In Figure3, the distributionsof
J

andU areshown for
� ��� & ��o (equalto thetime stepof thenu-

merical integrator),
� �­� & o , � �­� & ® , and

� �eo & � time
unit intervals.For eachvalueof thecouplingparameter, the
distributionsareshown for a singleselectedinitial condition
nearthe separatrixof the pendulumcomponentof the sys-
tem.(Sincetheelasticpendulumhasno attractor, theresults
are,strictly speaking,valid only for thetrajectorycontaining
the selectedinitial condition.)As it will be shown later, the
neighborhoodof theseparatrixis animportantregionof local
low predictability. Thedistributionsarestrikingly similar for� �y� & �,o and

� �¯� & o in all panelsof Figure3, while for the
two longer time intervals thereare importantdifferencesin
the distributions. Interestingly, thesedifferences,especially
for the finite sampleLyapunov exponent,aremuchsmaller
for the two extreme(smallestand largestinvestigated)val-
uesof the coupling parameters.We decidedto choosethe
largest

�
which providesdistributionsconsistentwith those

for (
� �°� & �,o ), the shortestpossibletime scalefor the dis-
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Fig. 2.Thermsenergy errorasfunctionof work (seesection4.2)for thedifferentintegrationschemeslistedin TableA1. Thevaluesof thecouplingparameter,± , are0.025(panela),0.25(panelb), 0.325(panelc), and0.4(paneld).
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c) d)

e) f)

g) h)
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Fig. 3. Eachleft handsidepanelshows thedistribution of ² , while eachright handsidepanelshows thedistribution of ³ for a selectedtrajectorynearthe
separatrixof thependulum.Thesampleswerecollectedfor trajectoriesintegratedfor 1000timeunits.Thecouplingparameters,± , are0.025(panelsaandb),
0.25(panelsc andd), 0.325(panelseandf), and0.4(panelsg andh). Theblue,green,red,andblacklinesshow, respectively, thedistributionsfor ´¶µ¸·+¹ ·+º ,´¶µ¸·+¹»º , ´¶µ¼·+¹ ½ , and ´¶µ�º .
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cretemapsgeneratedby the numericalsolutions.Thus for
this paperwe consider

� �{� & o . As furtherresultsof thepa-
per show,

� ��� & o providesgoodstructuralresolutionand
smoothchangesof the local predictability measuresin the
phasespace.

The local predictability in the phasespaceis mappedby
Poincaŕesections(e.g.Tabor, 1989;Ott, 1993).Poincaŕesec-
tions are preparedfor a ”slow” 
 l!� m n � plane,definedby:r �¾� , mCu F � ; and for a ”f ast” 
 r � m'u � planedefinedbyl ��� , m n F � . The”slow” planeshows thependulumcom-
ponentsof the statevectorat instanceswhenthe rod is nei-
ther stretchednor contracted,andthe point massis moving
towardtheorigin alongtheradialdirection.The”f ast”plane,
at the sametime, shows the springcomponentsof the state
vectorat instanceswhen the pendulumis crossingthrough
the

l ��� line during a clockwiserotation.EachPoincaŕe
sectionpresentedin thispapershow tentrajectoriesevolving
on thesameenergy shelldefinedby � �{o & ¿ .

In Figures4-7,Poincar/’esectionsareshown for four dif-
ferent valuesof the coupling parameterand the local pre-
dictability measuresarevisualizedby colors.Both the local
Lyapunov number(panelsaandb) andthedominantsingular
value(panelsc andd) indicateclearpatternsof predictabil-
ity, thoughin certainregionsof thephasespacethesepatterns
canbestrikingly differentfor thetwo measures.In whatfol-
lows,wefirst focusattentionon theslow plane(panelsaand
c). Onthisplane,bothmeasuresaresymmetricabouttheori-
gin dueto thesymmetrythat theorientationof theangle,

l
,

canbearbitrarily chosen.
Whenthecouplingis weak( � ��� & � � ® ) thePoincaŕe sec-

tion is reminiscentof thefamiliar phaseportraitof a pendu-
lum. Sincethesystemis only weaklychaoticin thiscaseand
the Lyapunov numberis only slightly larger thanone,there
is a balancebetweenportionsof the planewherethe local
Lyapunov numberis greaterandsmallerthanone.The re-
gionsof expansionanddecayaresymmetricallydistributed
onthePoincaŕesection:themirror imageof alocalLyapunov
numberaboutthe m'n¸��� axis is equalto theinverseof that
local Lyapunov number. Thelargestvaluesof thelocal Lya-
punov number, ascanbe expectedbasedon the theory, are
similar to thedominantsingularvaluesat thesamelocations,
whereasthe smallestvaluesof the local Lyapunov number
aresimilar to theinverseof theassociateddominantsingular
values.Theseextremevaluesarelocatedalong(andnearto)
the separatrixof the pendulum,andapproachingthe origin
thevaluesof thepredictabilitymeasuresbecomesgradually
neutral.Thedominantsingularvaluesaredistributedlike the
local Lyapunov numbersexceptfor that themirror imageof
an expansionaboutthe m n �°� axis is an expansionof the
samerate.

As the coupling increases,and the systembecomesin-
creasinglychaotic,new local instabilitiesarisein theregion
of the phasespace(calledregion B hereafter),which is as-
sociatedwith small valuesof the angleand large absolute
valuesof the angularmomentum.Both measuresagreethat
the relative importanceof this region increasesfor increas-
ing coupling,but while thedominantsingularvaluetendsto

emphasizethis region, the local Lyapunov numbertendsto
emphasizethe region (calledregion A hereafter)aroundthe
unstablesubspaceof thehyperbolicfixedpointof thependu-
lum.

Anotherinterestingfeatureis thatthelocalLyapunov num-
bersuggestsexceptionallygoodpredictability(decayingLya-
punov vector),even at suchlarge valuesof the couplingas� �y� & k , for stateswhenthesystemis moving towardthehy-
perbolicfixedpointof thependulum.Thisbehavior is further
investigatedin thenext subsection.

WhenthePoincaŕe sectionsfor the”slow” planeareplot-
ted using m u I � (not shown) insteadof m u F � the large
valuesof the local Lyapunov numberdisappearin region B.
This indicatesthat the key to large Lyapunov numbersat
thoselocationsis the negative radial velocity. This conclu-
sion is well corroboratedby the ”f astplane” Poincaŕe sec-
tionsshown in theright-hand-sidepanelsof Figures4-7:The
local Lyapunov number, especiallyfor largervaluesof � , in-
dicatesexceptionally low predictability when the spring is
contracted(

r F � ) andmoving towardan increasinglycon-
tractedstate(m u F � ), andexceptionallyhigh predictability
whenthespringis contractedandmoving towarda lesscon-
tractedstate.Thedominantsingularvalue,ontheotherhand,
suggeststhat low predictability can occur for an even less
contractedspring and regardlessthe direction of the radial
velocity.

5.2 Whichmeasureshouldbetrustedmore?

The resultspresentedso far raisetwo importantquestions:
Which measureshould be trustedmore (i) in the regions
wherethe local Lyapunov numberindicatesextremelyhigh,
andthedominantsingularvalueextremelylow predictability
or (ii) when the two measuresindicatedifferent regionsas
theprimaryareaof low predictability?Thesequestionscan-
notbeansweredwithoutexploringtheprocessthatmakesthe
Lyapunov andthefirst singularvectorschoosesystematically
differentdirectionsin certainregionsof thephasespace.

As it wasexplainedin section2.3, the Lyapunov vector,Q 
 � 
 �3�����
� , cansustaina localexpansionratesimilar to that
of the right singularvector, only if its projectionon thefirst
right singularvector, 1 
 � 
 �
���%��� becomeslarge.Thiscanhap-
penif andonly if (i) the first left andright singularvectors
follow eachother in a smoothfashion,i.e. if the anglebe-
tween 9 2 
 � 
 �
�/�
��� and 132 
 � 
 �ÀN����/�
���

remainssmall; and
(ii) thefirst Lyapunov vectorhassomeprojectionon thefirst
right singularvectorat thebeginningof theperiodfor which
(i) is satisfied.

A comparisonof the first andthe last four panelsof Fig-
ures4-7confirmsthatthetwo measuresof predictabilitygive
similar resultswhenthe above two conditionsaremet. But
the samepanelsalso show that the first Lyapunov vector
canbecomeorthogonalto thefirst right singularvectoreven
if condition(i) is satisfied.This happensprimarily at phase
spacelocationswherethe first Lyapunov vectordecaysat a
rateequalto theinverseof thedominantsingularvalue,indi-
catingthattheLyapunov vectorcanget”trapped”by aseries
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Fig. 4. Left handsidepanelsshow thePoincaŕe sectionfor the”slow” plane( Á�µ|· , ÂÄÃ�Å¼· ), while right handsidepanelsshow thePoincaŕe sectionfor the
”f ast” plane( Æ¨µ_· , ÂÄÇ¨Å"· ) at a weakcoupling( ± µÈ·+¹ ·�É�½ ). Colorsrepresentthe local Lyapunov number(panelsa andb), thedominantsingularvalue
(panelsc andd), theprojectionof theLyapunov vectoron thefirst right singularvector(panelse andf), andtheprojectionof thefirst left singularvectoron
thesubsequentfirst right singularvector(panelsg andh).
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Fig. 5. Sameasfigure4, exceptfor ± µ¼·+¹ É�½ .
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Fig. 6. Sameasfigure4, exceptfor ± µ¼·+¹ Ê�É�½ .
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Fig. 7. Sameasfigure3, exceptfor ± µ¼·+¹ Ë .
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of smoothlyconnected,rapidlydecayinglocaldirections.To
verify this explanation,figures(not shown) similar to pan-
els (e-h) were also preparedfor the fourth, insteadof the
first, singularvector. As expected,thesefiguresconfirmed
that at locationswherethe Lyapunov vectorwasdecaying,
thefourth left andright singularvectorsfollowedeachother
in a smoothfashionandtheLyapunov vectorevolvedalong
thedirectionof thefastestdecayingsingularvector.

It must be emphasizedthat the decayof the Lyapunov
vectoris not associatedwith isolatedphasepoints,ratherit
shows sharppatternson thePoincaŕesections.In therelated
partsof thephasespace,uncertaintiesin thesolutionsthatare
associatedwith initial conditionsuncertaintiesof thedistant
past,can never be growing. In other words, the Lyapunov
vectorcansustainsignificantdecayin certainregionsof the
phasespace,eventhoughonaverageit is growing in achaotic
system.

The largedominantsingularvalues,andthe largeprojec-
tion of the first left singularvectorson the following right
singularvectorsshow, at thesametime,thatuncertaintiesin-
troducedmorerecentlycangrow fastin thesameareaswhere
the Lyapunov vector is decaying.Theseresultsshow that
thereis no uniquebestchoicefor measuringthe local pre-
dictability in the elasticpendulum,andthe propermeasure
cannotbe selectedwithout investigatingthe primary source
of theuncertaintyin theinitial conditions.

5.3 Relationshipbetweenlocal predictabilityandbalanced
dynamics

For the elasticpendulum,the analogueto a balancedatmo-
sphericstateis a configurationin which the centripetal,the
elastic,andtheradialcomponentsof thegravitationalforces
are in balance.In this case,the radial accelerationis zero,
which meansthat the lastequationof (8) becomesa nonlin-
eardiagnosticequationbetween

l
, m n , and

r
. This algebraic

equationis the analogueto the geostrophicbalanceequa-
tion of atmosphericdynamics.This equationallows for the
computationof the balancedlengthof the springwhenthe
”slow” variables,

l
and m'n , aregiven.Whenthestatevector

is evolved by integrating the full systemof equation(8),
r

is typically not equalto its hypotheticalbalancedvalue,
rAÌ

.
The differencebetween

r
and

rAÌ
will be called the unbal-

ancedpart of
r

andhereit will bedeterminedby computingrAÌ
from the slow variablesfirst, usingthe Newton-Raphson

method,andthensubtracting
rAÌ

from
r
.

The right-hand-sidepanelsof Figure 8 demonstratethatr
is drivenby a combinationof balancedmotionsandhigh

frequency resonances,while theleft-hand-sidepanelsof the
samefigure show the unbalancedpart of

r
on the ”slow”

planeby colors.On thesePoincaŕe sections,theunbalanced
componentis equalto

� rÍÌ
, sincethe”slow” planeis defined

by the condition
r ��� . The motion is nearlybalancedon

the slow planewhenthe couplingis weak( � �Î� & � � ® ), but
asthecouplingincreases

r
becomesmuchsmallerthanwhat

would be requiredfor the balance,especiallyin region B.
Theunbalancedcomponentin regionA, ontheotherhand,is

very small regardlessthestrengthof thecoupling.Combin-
ing theseresultsandthoseobtainedfor thelocalpredictabil-
ity, it canbeconcludedthatthelocalLyapunov numberiden-
tifiesaregion(regionA) astypically leastpredictable,where
the dynamicsis nearly balanced.Becausein a nearly bal-
ancedstatethe”slow” variablescontrol thedynamicsof the
system,it is not surprisingthat the local Lyapunov number
found a strongrelationshipbetweenpredictability and the
hyperbolicfixed point of the ”slow” pendulumcomponent
of thesystem.

To further explore the role unbalanceddynamicsplay in
thelocal predictability, theunbalancedcomponentis plotted
for thenormalizedLyapunov andthefirst right singularvec-
tors (Figure9). This figure shows that while the Lyapunov
vector (left-hand-sidepanels)is alwaysnearlybalancedon
theslow planeindependentlyof thestrengthof thecoupling,
the first right singularvector is well balancedonly for the
very small valuesof the angularvelocity, m n . This shows,
on the one hand,that not only the basicstatebut also the
perturbation(Lyapunov andright singular)vectorsarewell
balancedin region A, confirmingthat the instability in that
region is associatedwith balanceddynamics.On the other
hand,theunbalancednatureof theright singularvectorplays
obviousrole in that thedominantsingularvalueemphasizes
regionB asthelocationof exceptionallylow predictability.

The resultsof this sectionshow that the two measures
identify differentregionsof the”slow” planeastheprimary
locationof low predictability, becausethe Lyapunov vector
is alwaysnearlybalanced,whereasthe right singularvector
canbe highly unbalanced.It canbe concluded,that the rel-
evanceof thetwo measuresdependson whetherthesources
of uncertaintiesin thesolutionsaremorerelatedto balanced
or unbalanceddynamics.

5.4 Discussion

Are the resultsobtainedwith a simple Hamiltonianmodel
have any relevanceregardingatmosphericpredictability?To
answerthis question,it shouldbe recalledfirst that the adi-
abatic form of the atmosphericgoverning equationshasa
naturalHamiltonianstructure(e.g.Shepherd,1990;Salmon,
1998).Secondly, studieswith weaklydissipativeatmospheric
modelsfoundasymmetrybetweenthedominantandthesmall-
estsingularvalues(ReynoldsandPalmer,1998)which was
reminiscentof thespectrumof aHamiltoniansystem.Though
a recent study (Errico et al., 2001) found that diabatic
mesoscaleprocessesusuallydestroy thissymmetry, observed
synopticscaleinstabilitiescanbereasonablywell explained
by adiabaticmodels(e.g.OrlanskiandKatzfey, 1991).It can
beassumed,therefore,thataHamiltonianmodelis a reason-
ableanalogueto synopticscaleatmosphericmotions.

Our resulton the potentialdecayof the Lyapunov vector
shows that an error patterngeneratedby an earlier instabil-
ity hasa very specificstructurethatmayevenleadto strong
decaylater. Strongdecayis possibleonly in thoseregions
of the phasespacewherepotentially large growth can oc-
cur. This phenomenonis due to the Hamiltonianstructure
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Fig. 8. Left handsidepanelsshow thePoincaŕe sectionfor the”slow” planeat increasingcoupling.Theunbalancedcomponentof Á is shown by colors.Right
handsidepanelsshow the time evolution of Á (solid red line) andits balancedcomponent(solid blue line) for a selectedtrajectoryneartheseparatrix.The
couplingparameters,± , are0.025(panelsaandb), 0.25(panelsc andd), 0.325(panelseandf), and0.4(panelsg andh).
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Fig. 9. Left handsidepanelsshow theunbalancedcomponentof Á for theLyapunov vector, while theright handsidepanelsshow thesamefor thefirst right
singularvector. Thecouplingparameters,± , are0.025(panelsaandb), 0.25(panelsc andd), 0.325(panelseandf), and0.4(panelsg andh).
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of thesystem.Although,in contrastto theelasticpendulum,
thereare more than one expandingphasespacedirections
for the atmosphere,thereis growing evidencethat synoptic
scaleatmosphericdynamicscanbe low dimensionalin the
regionsof a geographicallylocalizedinstability (Patil et al.,
2001).Furthermore,for thedominantatmosphericinstabili-
ties,typically thereexistsadecayingphasespacedirectionin
associationwith eachgrowing direction.For instance,while
westward”leaning” perturbationstructuresleadto baroclinic
growth in regions of strong vertical wind shear, eastward
leaningstructuresare decayingat a similar rate.Likewise,
in a region of stronghorizontalwind sheareddiescaneither
grow or decaythroughbarotropicenergy conversiondepend-
ing on theorientationof their axis.

It canbe expected,that in the atmospheretherearecom-
plex interactionsbetweenthedifferentgrowinganddecaying
phasespacedirections.For instance,it is awell acceptedthat
mostsynopticscalewavesaregeneratedby baroclinicinsta-
bilities of the jet streamandwiped out by barotropicdecay
in the exit region of the jet (e.g.Whitaker andDole, 1995).
A wave generatedby anearlierbaroclinicinstability cande-
caybecauseof theorientationof its axis,while anothereddy
canstartgrowing simply becauserandomnoisemayproject
ontoa structurein which theaxisis pointinginto a direction
neededfor a barotropicgrowth. In this situation,the local
Lyapunov numberwould presumablyindicatethe decayas-
sociatedwith thedecayingwave,while thedominantsingular
vectorcouldindicatethepotentialfor growing errors.

Our result,thatthestructureof thefirst right singularvec-
tor is typically highly unbalancedsuggests,that in a system
for which balancedandthe unbalancedmotionscanbe de-
fined, unbalancedperturbationscan be expectedto lead to
rapidinstantaneouserrorgrowth regardlessif anattractorex-
istsor not.

On thepracticalside,it is essentialto explorewhetherthe
known sourcesof uncertaintiesin the initial conditionscan
leadto theunbalancedstructurerequiredfor therapidgrowth
indicatedby thedominantsingularvalue.If not,suchchoices
of thecoordinates(innerproducts)shouldbepreferredsoas
to efficientlyfilter theunbalancedfeaturesfrom thedominant
singularvectors.The feasibility of finding suchcoordinates
wasdemonstratedby EhrendorferandErrico (1995).

The predictabilitymeasuresconsideredin this papercan
quantifyonly thatpartof thelocalforecastdegradationwhich
is dueto sensitivity to theinitial conditions.It is importantto
note,however, thatin atmosphericapplications,modelerrors
alsoplay an importantrole. (In our simplemodel,the only
modelrelatederrorthathassomeeffecton thelocal forecast
accuracy is the local integrationerror. However, dueto the
high-accuracy of the integrationscheme,this componentis
negligible comparedto thechaosrelatedforecastuncertain-
ties.)

Finally, it shouldbenotedthatthemagnitudeof theuncer-
taintiesin the analyses(bestavailableestimatesof the true
initial stateof theatmosphere)is finite andnotinfinitesimally
small asassumedby the predictability measures.The time
evolutionof theforecastuncertainties,therefore,canrapidly

becomenonlinear. Whenthis happens,neitherthedominant
singularvalue,nor the Lyapunov numbercan provide cor-
rect estimatesof predictability. While almostall studieson
atmosphericpredictabilityarebasedon the assumptionthat
theevolution of uncertaintiesis linear for thefirst two-three
forecastdays,the rigoroustestsof Gilmour et al. (2001)re-
vealedthat the linearity assumptionmay not even be valid
for the entirefirst forecastday. We arecurrentlyin the pro-
cessof building a three-dimensionalvariationalassimilation
systemfor theelasticpendulum.Our planis to usethis data
assimilationsystemfor obtainingestimatesof the analysis
andforecastuncertainties.Then,theseestimateswill beused
to verify therelevanceof thelinearityassumptionandtheca-
pability of the two predictabilitymeasuresto predict likely
forecasterrorsin the elasticpendulum.The resultsof these
experimentswill bepresentedin a forthcomingpaper.

6 Conclusions

Thetwo key findingsof thestudyare:

– For the simple model considered,there exist regions
wherethe local Lyapunov numberindicatesexception-
ally highpredictability,while thedominantsingularvalue
indicatesexceptionallylow predictability. Thiscanhap-
pen,becausetheLyapunov vectorcanbecome”trapped”
bysmoothlyconnecteddecayingsingularvectors,which
areorthogonalto theexpandingphasespacedirections.
Thiscanleadtoanoverestimationof predictabilitywhen
the important forecasterrors have sourcesother than
smallerrorsintroducedin thedistantpast.

– Thestructureof theright singularvectorassociatedwith
the dominantsingular value tendsto be significantly
moreunbalancedthanthestructureof theLyapunov vec-
tor. Due to this, the local Lyapunov numberhasa ten-
dency to chooseinstabilitiesassociatedwith balanced
motion,while thedominantsingularvaluefavors insta-
bilities relatedto highly unbalancedmotion.This may
leadto anunderestimationof predictabilitywhenthere
areno suchsourcesof uncertaintythatcouldcreatethe
highly unbalancedstructures.Sincethis resultwasob-
tainedby a conservative (Hamiltonian)model, it indi-
catesthat this phenomenoncanoccurevenif anattrac-
tor, aswell asoff-the-attractorinitial states,donotexist.

AppendixA Symmetriccompositionschemesfor theelas-
tic pendulum

A1 Symmetriccompositionmethods

Thebasicexistence-uniquenesstheoremfor ordinarydiffer-
entialequationsimplies that,for smoothfunctions ��
 � 
 �
�
� ,
thesolutionto theinitial valueproblem(1) is definedin some
neighborhoodof

� ��� [e.g.,][](GuckenheimerandHolmes,
1983).Thissolutiondefinesamapbetweenthepoints

���
and� 
 �
� in the n-dimensionalphasespace.This map,denoted
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by Ï�B m3
 � � � (i.e.,
� 
 �
� � Ï�B m3
 � � �H��� ), is called the flow

generatedby the vectorfield � (the argument
�

is omitted
for brevity). Symmetriccompositionmethodscanbeusedto
build numericalintegratorswhenit is possibleto find a de-
composition�Ð� ÑD ?5E 2 � ? (A1)

of thevectorfield � suchthattheflows Ï+B mP
 � � 2 � , Ï�B m3
 � � = � ,
.., Ï+B m3
 � � Ñ � all canbedeterminedanalyticallyfor a time in-
terval Ò � . Thendifferentorderapproximationsto Ï�B m3
 � � �
canbe constructedby the repeateduseof the partial flows
(Yoshida,1990).For instance,Ó 
 �
� � Ï+B m3
 � � 2 � Ï+B mP
 � � = � &5&4& Ï+B m3
 � � Ñ � 
 � � � (A2)� � 
 �
�PNWÔ 
 � = ���
is a first orderintegrator, while  
 �
� � Ï+B mP
 o� � � 2 � Ï+B m3
 o� � � = � &4&4&�ÕÕ Ï+B mP
 � � Ñ � &4&5& Ï+B mP
 o� � � = � Ï+B m3
 o� � � 2 � 
 ���Ö�� � 
 �
�RNWÔ 
 � v � (A3)

is a secondorderintegrator.
It is importantto notice,that Ó 
 �
� and

  
 �
� arecomposite
functions.Thecomputationof Ó 
 �
� for onetimestepinvolves
the following seriesof function evaluations:first Ï+B m3
 � � Ñ �is applied to the initial condition

� �
, then Ï�B m3
 � � Ñ K 2 � is

appliedto Ï+B mP
 � � Ñ � 
 � � � , etc.until Ï+B m3
 � � 2 � is appliedtoÏ+B mP
 � � = � &4&4& Ï+B mP
 � � Ñ � 
 ���Ö� in thelaststep.Onceaproperde-
compositionof the vectorfield hasbeenobtained,the sub-
scripts

¬
(
¬ ��o � &5& a ) canbeassignedin any arbitraryorderto

thepartialvectorfields.Theintegrationis carriedforwardby
shifting theorigin to Ò � aftereachcompletedtime step.

Thestandardwayto constructhigher-orderschemesoutof 
is to usea symmetriccomposedsymmetricsteps(or type

SS) techniqueof thegeneralform  
.× 2 �
� &4&4&   
.×<Ø5Ù � 2pÚ�q = �
� &4&4&   
.× 2 �
� & (A4)

Theart is to find a setof coefficients × 2 � × = � &4& × 6 thatgives
anerrortermof therequiredorder. Coefficients,notonly sat-
isfying this requirementbut alsominimizing the leadingor-
der error term, areavailablefor a variety of differentorder
schemesin McLachlan(1995).This paperalsoderived op-
timized coefficients for a numberof symmetric(or type S
in short) methods.Theseschemesuse Ó � 
 �
� � Ó 
 �
� andÓ K 
 �
� � Ó K 2 
 �Û�
� asbuilding blocksto constructschemes
of thegeneralformÓ � 
.Ü Ù �
� Ó K 
 � Ù �
� &5&4& Ó � 
.Ü 2 �
� Ó K 
 � 2 �
� & (A5)

Thenumberof evaluationsof Ï+B m3
 � � Ñ � per time stepis al-
ways equalto ` for both the S and SS type schemesand
if the solutionis neededafter eachtime stepthe numberof
evaluationper time stepsis ` N o for the map Ï+B mP
 � � 2 � .
For the remainingmapsthe numberof evaluationsper time

Scheme Order Type m
1 1 S 1
2 2 S 2
3 2 SS 2
4 4 SS 3
5 4 SS 5
6 4 SS 5
7 4 S 4
8 4 S 5
9 6 SS 7
10 6 SS 9
11 8 SS 15
12 8 SS 17

Table A1. List of integrationschemesconsideredin this paper. Both sym-
metric (Type S) and symmetric composedsymmetric steps (Type SS)
schemesof different orderswith varying numberof evaluationsfor each
time step(m) areconsidered.

stepis
� ` , which meansthata schemecanbe furtheropti-

mizedby choosingthecomputationallymostexpensivemap
as Ï+B mP
 � � Ñ � andthecomputationallyleastexpensiveonesas
intermediatesteps.

A2 Applicationto theelasticpendulum

If a partitioning � � �#2 N � = N &�&)& � Ñ of the Hamilto-
nian exist suchthat the flows Ï+B m3
 � �R� �#2 � , Ï�B m3
 � ��� � = � ,
. . . , Ï+B mP
 � �R� � Ñ � canbedeterminedanalyticallyintegrators
thatpreservethesymplecticstructureandareaccurateto any
givenrequiredordercanbeconstructedby the repeateduse
of the partial flows (Yoshida,1990; McLachlan,1995). In
what follows, theabove theoryis appliedto theelasticpen-
dulum equations.Theflows Ï+B m3
 � �R� �#2 � , Ï+B mP
 � �R� � = � , ..,Ï�B m3
 � ��� � Ñ � canbeeasilydeterminedfor a decomposition
of the vector field that consistsof systemsof differential
equationswith the following two properties(i) in someof
theequationstheright handsideis zero,i.e thevariableson
the left handsideof thesameequationsareconstant(ii) the
right handsidesof the remainingequationsdependonly on
the constantvariables.Sucha decompositionof the elastic
pendulumequationscanbeachievedby a ’ three-map’split-
ting � 
 ~ � � � � �#2 
 ~ � � �RN � = 
 � �RN � v 
 ~ � , where� 2 
 ~ � � � � o� m 2 = 
po N � 2%q =)Ý = � K = � (A6)�¨= 
 � � � o� � K 2 m = = �� v 
 ~ � � o� � K 2 Ý = = � 

o N � 2%q = Ý = � Ü)ÞÄß Ý 2 �
The threedifferentialequationsdefinedby (A6) areeasyto
solveandthethreeelementarymapsareÏ�B m3
 � ��� � 2 � :Ý 2 
 �
� � Ý 2 
�� ��Náà o N � 2%q = Ý = 
.� �pâ K = m 2 
�� �p� (A7)m = 
 �
� � m = 
�� �RN � 2
q = à o N � 2%q =�Ý = 
�� �pâ K@v m 2 = 
�� �H�
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Ï+B mP
 � �R� � = � :Ý = 
 �
� � Ý = 
.� ��N � K 2 m = 
.� �p�
(A8)

Ï+B mP
 � �R� � v � :m 2 
 �
� � m 2 
.� � �¡à o N � 2%q = Ý = 
�� �pâ<s%t M Ý 2 
.� �H� (A9)m = 
 �
� � m = 
.� � � à � K 2 Ý = 
�� �RN � 2
q = w)x s Ý 2 
�� � â � &
Stepsthatdonotchangethevalueof thevariables(e.g.

Ý 2 
 �
� �Ý 2 
.� � ) areomittedfor brevity andthe orderingof the terms�#2 , � = , and � v is not by accident.This particularordering
providesthefastestnumericalintegrators.

For comparingtheefficiency of the differentschemeswe
definework asthenumberof theevaluationsof Ï+B mP
 � �R� � v �
neededto integratethemodelfor aunit time interval. This is
equalto ` timesthe numberof time stepsfor theunit time
interval.ThisdefinitionwaschosenbecausetheevaluationofÏ+B mP
 � �R� � v � requirestwo ordersof magnitudemoreCPU-
time thecomputationof theotherelementarymaps.

We notethat theexperimentspresentedin this paperalso
required the coding of the tangentlinear map for all 12
schemes.This wasnot especiallydifficult sincethetangent-
linearoperatorsto thehigherorderschemeswereeasilybuilt
fromthetangentlinearoperatorsto theelementarymaps(A7-
A9).
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