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1. Objectives

The main objective of this lecture is to present a sum-
mary of some of the methods most commonly used for
state estimation.

What I hope to convey to you:

. The probabilistic approach allows for the proper descrip-
tion of most (if not all) methods currently employed in
data assimilation.

. In practice, most methods used in atmospheric and oceanic
data assimilation boil down to slightly different versions
of least-squares.

. good understanding of the example of “estimation of a
constant vector” provides a solid basis for understanding
many of the methods currently used

. Much attention should also be given to details:

• off-line and on-line quality control

• removal of both model and observation biases

• proper usage of observations, that is, they should be
used at right time, be given proper representative-
ness error characteristics

• properly initialized fields

• tangent linear and adjoint models issues

. Remember ... adaptive procedures are robust.
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2. Concepts of Probabilistic Estimation

Central to probabilistic estimation is the concept of a
joint probability distribution (pdf) of two processes x
and y, and denoted px,z(x,y).

Also. fundamental to Bayesian estimation is the defini-
tion of conditional probability distribution functions:

px|z(x|y) =
pxz(x,y)

pz(y)

and Bayes rule for converting between conditional pdf’s:

px|z(x|y) =
pz|x(y|x)px(x)

pz(y)

In the light of conditional pdf’s we can define the con-
ditional mean:

E{x|y} ≡
∫ ∞

−∞
x px|y(x|y)

A typical conditional pdf is that of a normally distributed
random variable x conditioned on y

px|y(x|y) =
1

(2π)n/2|Px|y|1/2
exp

[
−

1

2
(x− µx|y)

TP−1
x|y(x− µx|y)

]
which is a n-dimensional Gaussian function.
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2.1 Cost Function

In the Bayesian approach to estimation we define a func-
tion expressing our confidence in the estimate. This
function is referred to as the cost (or risk, or fit) func-
tion and it takes the general form:

J (x̂) ≡ E{J(x̃)}

=

∫ ∞

−∞
J(x̃) px(x) dx

=

∫ ∞

−∞

∫ ∞

−∞
J(x̃) pxy(x,y) dy dx

where

x true state vector
y observation vector
x̂ state estimate vector

x̃ = x− x̂ error estimate vector
J(x̃) measure of accuracy
px(x) marginal pdf of x

pxy(x,y) joint pdf between x and y

Note: Not all function J’s are satisfactory cost func-
tions.
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2.2 Two Examples of Cost Functions

(a) The quadratic cost:

J =
1

2
||x̃||E =

1

2
x̃TEx̃

(b) The uniform cost:

J =

{
0 , ||x̃|| < ε
1/2ε , ||x̃|| ≥ ε

A desirable property of an estimate is that it be uncon-
ditionally unbiased, that is,

E{x̂} = E{x}
Sometimes the estimate is conditionally unbiased:

E{x̂|x} = x
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2.3 Minimum Variance Estimation

In this case we use the quadratic cost function to get:

JMV(x̂) =
1

2

∫ ∞

−∞

{∫ ∞

−∞
(x− x̂)TE(x− x̂) px|z(x|y) dx

}
pz(y) dy

Or, identifying the kernel as the conditional Bayes cost:

JMV(x̂|y) ≡
1

2

∫ ∞

−∞
(x− x̂)TE(x− x̂) px|z(x|y) dx

Minimization of the cost JMV(x̂|y) gives

0 =
∂JMV(x̂|y)

∂x̂

∣∣∣∣
x̂=x̂MV

= − E

∫ ∞

−∞
(x− x̂) px|z(x|y) dx

∣∣∣∣
x̂=x̂MV

And noticing that p is a pdf, it follows that

x̂MV(y) =

∫ ∞

−∞
xpx|z(x|y) dx

= E{x|y}

Conclusion: the estimate with minimum variance is the
conditional mean.

. this estimate is unbiased

. this estimate is indeed the minimum of the cost function
(Ex. 1)
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2.4 Maximum a posteriori Probability Estimation

Using now the uniform cost function we have

JU(x̂) =

∫ ∞

−∞

1

2ε

{
1 −

∫ x̂+ε

x̂−ε

px|z(x|y) dx

}
pz(y) dy

To minimize JU with respect to x̂, the first term gives
no relevant contribution, thus

JU(x̂) ∼ −(1/2ε)

∫ ∞

−∞

{∫ x̂+ε

x̂−ε

px|z(x|y) dx

}
pz(y) dy .

or yet, we can minimize the conditional Bayes cost

JU(x̂|y) ≡ −(1/2ε)

∫ x̂+ε

x̂−ε

px|z(x|y) dx

As ε → 0, the mean value theorem gives

JU(x̂|y) = − px|z(x̂|y)

Conclusion: The maximum a posteriori estimate is ob-
tained by maximizing the conditional pdf, that is,

∂ ln[pz|x(y|x)px(x)]

∂x

∣∣∣∣
x=x̂MAP

= 0

or yet

∂pz|x(y|x)px(x)

∂x

∣∣∣∣
x=x̂MAP

= 0

. this estimate is NOT guaranteed to be unbiased
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2.5 Maximum Likelihood Estimation

In ML estimation we assume the a priori information is
unknown. Suppose for the moment that the a priori pdf
is N (µx,Px), then

ln px(x) = − ln[(2π)n/2|Px|1/2]−
1

2

[
(x− µx)

TP−1
x (x− µx)

]
Hence,

∂ ln px(x)

∂x
= −P−1

x (x− µx)

Since that lack of information implies infinite variance,
Px → ∞, or yet P−1

x → 0, the maximum likelihood esti-
mate of x can be obtained by

0 =

[
∂ ln pz|x(y|x)

∂x
+

∂ ln px(x)

∂x

]∣∣∣∣
x=x̂MAP

=
∂ ln pz|x(y|x)

∂x

∣∣∣∣
x=x̂ML

or equivalently,

∂pz|x(y|x)

∂x

∣∣∣∣
x=x̂ML

= 0

. x̂ML can be referred to as the most likely estimate

. This estimate is NOT guaranteed to be unbiased.

. The estimate obtained this way is NOT Bayesian.
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Quick Recap

Bayes rule for pdf’s:

px|z(x|y) =
pz|x(y|x)px(x)

pz(y)

Conditional mean:

E{x|y} ≡
∫ ∞

−∞
x px|y(x|y)

Minimum variance estimate:

x̂MV(y) =

∫ ∞

−∞
xpx|z(x|y) dx

= E{x|y}

Maximum a posteriori probability estimate:

∂pz|x(y|x)px(x)

∂x

∣∣∣∣
x=x̂MAP

= 0

Maximum likelihood estimate (max a priori pdf):

∂pz|x(y|x)

∂x

∣∣∣∣
x=x̂ML

= 0
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3. Example: Estimation of a Constant Vector

Consider the time-constant observational process

y = Hx + bo

where x is an n–vector, y and bo are m–vectors, and H
is an m× n matrix.

Assumptions: x and bo are independent and Gaussian
distributed, that is, x ∼ N (µ,P), and bo ∼ N (0,R).

Problem: What do the three estimates studied previ-
ously correspond to in this case?

For the MV estimate we need to determined the a pos-
teriori pdf px|z(x|y) (Bayes rule):

px|z(x|y) =
pz|x(y|x)px(x)

pz(y)

consequently we need to determine each one of the pdf’s
above.

Linear transformations of Gaussian distributed variables
result in Gaussian distributed variables (Ex. 2). Hence,

pz(y) =
1

(2π)m/2|Pz|1/2
exp

[
−

1

2
(y − µz)

TP−1
z (y − µz)

]
where µz and Pz correspond to the mean and covariance
of the random variable y, respectively.
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Applying the ensemble average operator and using the
definition of covariance:

µz = E{Hx} + E{bo} = Hµ

and also,

Pz = E{(y − µz)(y − µz)
T}

= E{ [(Hx + bo)−Hµ)] [(Hx + bo)−Hµ)]T}
= E{ [(Hx−Hµ)− bo] [(Hx−Hµ)− bo]T}
= HE{(x− µ)(x− µ)T}HT + E{boboT}

+HE{(x− µ)boT} + E{bo(x− µ)T}HT .

Since we assume x and bo to be independent E{xboT} =
0, and since bo is zero mean, it follows that

Pz = HPHT + R

Consequently,

pz(y) =
1

(2π)m/2|(HPHT + R)|1/2

× exp

[
−

1

2
(y −Hµ)T(HPHT + R)−1(y −Hµ)

]

12



It remains to determine the conditional pdf pz|x(y|x).
This distribution is also Gaussian, and can be written as

pz|x(y|x) =
1

(2π)m/2|Pz|x|1/2
exp

[
−

1

2
(y − µz|x)

TP−1
z|x(y − µz|x)

]
Analogously to what we have just done above,

µz|x = E{Hx|x} + E{bo|x} = Hx

and

Pz|x = E{(y − µz|x)(y − µz|x)
T |x}

= E{ [(Hx + bo)−Hx)] [(Hx + bo)−Hx)]T |x}
= E{boboT |x}
= E{boboT}
= R .

Therefore,

pz|x(y|x) =
1

(2π)m/2|R|1/2
exp

[
−

1

2
(y −Hx)TR−1(y −Hx)

]
which is the conditional probability of y given x.
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Combining the previous results in Bayes rule for pdf’s:

px|z(x|y) =
|HPHT + R|1/2

(2π)n/2|P|1/2|R|1/2
exp[−J]

where J is defined as,

J(x) ≡ (y −Hx)TR−1(y −Hx) + (x− µ)TP−1(x− µ)
− (y −Hµ)T(HPHT + R)−1(y −Hµ)

This quantity J can also be written in the following more
compact form:

J(x) =
1

2
(x− x̂)TP−1

x̃ (x− x̂)

where P−1
x̃ is given by

P−1
x̃ = P−1 + HTR−1H ,

the vector x̂ is given by

x̂ = Px̃(H
TR−1y + P−1µ)

and the reason for using the subscript x̃ for the matrix
Px̃, indicating a relationship with the estimation error,
will soon become clear.
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We are now ready to derived the desired estimates.

The minimum variance estimate is given by the condi-
tional mean of the a posteriori pdf (Ex. 3), that is,

x̂MV = x̂ =

∫ ∞

−∞
xpx|z(x|y) dx = µ

The maximum a posteriori probability estimate is the
one that maximizes px|z(x|y), and is easily identified to
be (Ex. 4)

x̂MAP = x̂ = (P−1 + HTR−1H)−1(HTR−1y + P−1µ)

The maximum likelihood estimate can be determined by
maximizing the pdf pz|x(y|x), that is,

0 =
∂pz|x(y|x)

∂x

∣∣∣∣
x=x̂ML

= HTR−1(y −Hx̂ML)

that is,

x̂ML = (HTR−1H)−1HTR−1y

which is, in principle, distinct from the estimates ob-
tained above (Ex. 5).

The MV and MAP estimates can be reduced to the ML
estimate by taking P−1 = 0, that is, when no statistical
information on x is available:

x̂MV|P−1=0 = x̂MAP|P−1=0 = (HTR−1H)−1HTR−1y = x̂ML
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Quick Recap

Observations: y = Hx + bo

Want to determine: px|z(x|y)

when x ∼ N (µ,P), and bo ∼ N (0,R), we find:

px|z(x|y)α exp[−
1

2
(x− x̂)TP−1

x̃ (x− x̂)]

where

P−1
x̃ = P−1 + HTR−1H ,

and

x̂ = Px̃(H
TR−1y + P−1µ)

General Cost Function:

J(x) =
1

2
(µ− x)T P̃−1(µ− x) +

1

2
(y −Hx)T R̃−1(y −Hx)

Estimation Results:

x̂MV = x̂MAP = x̂

x̂ML = x̂MV|P−1=0 = x̂MAP|P−1=0
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The Least-Squares (LS) Connection

Case I: No prior information on x is available.

Minimization of the cost function

JLS(x̂) =
1

2
(y −Hx̂)T R̃−1(y −Hx̂)

results in

x̂LS = (HT R̃−1H)−1HT R̃−1y

which is identical to the ML (MV/MAP) estimate(s)
if R̃ = R. In general, however, the LS solution can
be shown to always be less accurate than that of ML
(MV/MAP).

Case II: Some information on x is available.

The cost function to be minimized is now

JLSP(x̂) =
1

2
(µ−x̂)T P̃−1(µ−x̂)+

1

2
(y−Hx̂)T R̃−1(y−Hx̂)

with minimum achieved for

x̂LSP = (P̃−1 + HT R̃−1H)−1(HT R̃−1y + P̃−1µ)

which is identical to the MV/MAP estimate if R̃ = R
and P̃ = P. In general, however, the LSP solution
can be shown to be always less accurate than that of
MV/MAP.
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Remarks

. All estimates above result in a linear combina-
tion of the observations.

. The MAP estimate can be obtained by mini-
mizing the alternative cost function

JMAP(x) ≡
1

2
(x−µ)TP−1(x−µ)+

1

2
(y−Hx)TR−1(y−Hx) ,

which amounts to noticing that the pdf pz(y)
does not play any role in the maximization of
the a posteriori pdf.

. Similarly, the ML estimate can be obtained by
minimizing the following cost function:

JML(x) ≡
1

2
(y −Hx)TR−1(y −Hx) ,

and corresponding estimate is biased.

. In general there is no guarantee these three
estimates coincide. In the case just considered
they only coincide after knowledge on the prior
is ignored in the MV and MAP results.
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4. Three-dimensional Variational Approach

The approach known in atmospheric data assimilation as
3d-var is essentially a least squares method that in the
linear sense minimizes the cost function JLSP(x) seen
previously,

JLSP(x) =
1

2
(µ−x)T P̃−1(µ−x)+

1

2
(y−Hx)T R̃−1(y−Hx)

The minimization is typically done at synoptic hours,
with a frequency of 6 hours and using observations avail-
able within a 6-hr window around the synoptic time.

In practice, an atmospheric prediction model is assumed
to provide the mean state estimate µ, that is,

µ ≡ xb = m(x0)

where xb is the forecast (background) at a given time af-
ter evolving the model m forward in time, starting from
an initial condition x0 representing the best estimate of
the state of the atmosphere at a previous time.

To describe 3d-var, the time indexes are not so relevant
and are dropped for simplification. Moreover, the map-
ping between observations and the estimate is nonlinear
and a slightly more general cost function is actually used

J3dvar(x) =
1

2
(xb−x)T P̃−1(xb−x)+

1

2
[y−h(x)]T R̃−1[y−h(x)]

where h(x) is the nonlinear observation function (oper-
ator).
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To minimize this cost function using feasible computa-
tional methods, one needs to transform the cost func-
tion back to a quadratic function. This can be done
by linearizing the observation operator h(x) around the
background state, that is,

h(x) ≈ h(xb) + H(xb)δx

with δx ≡ x−xb and H(xb) now denotes the Jacobian of
the observation operator, h(x),

H(xb) ≡
∂h(x)

∂x

∣∣∣∣
x=xb

Hence, we can right y − h(x) as

y − h(x) = y − h(xb)− h(x) + h(xb)
= d−H(xb)δx

Using this first order expansion of the observation op-
erator the cost function becomes quadratic form again

J3dvar(δx) =
1

2
δxT P̃−1δx+

1

2
[d−H(xb)δx]T R̃−1[d−H(xb)δx]

and it defines the so-called incremental 3d-var problem,
since the cost is now written as a function of the incre-
ment vector δx.

By inspection of our “estimation of a constant” exer-
cise we see that minimization of the incremental 3d-var
problem leads to the solution

δxa = P̃aHT R̃−1d

with P̃a = (P̃−1 + HT R̃−1H)−1.
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Remarks

. The 3d-var solution provides a LSP solution to the prob-
lem given the uncertainties in the background and ob-
servation error covariances P̃ and R̃.

. Employing computational methods to minimize the cost
function directly is referred to as the 3d-var approach;
whereas calculating the estimate from the analytical so-
lution has become known as the PSAS approach, for
the Physical-space Statistical Analysis System.

. In the analytical (PSAS) approach one avoids the n di-
mensional matrix inversion, by solving an algebraically
equivalent equation (Ex. 6):

δxa = P̃HT(HP̃HT + R̃)−1d

which is known as the PSAS equation, and it involves
the inversion of an m < n dimensional matrix.

. In practice, even this observation-space inversion is not
directly calculated. Instead, the equation above is split
in two stages:

(HP̃HT + R̃)λ = d
δxa = P̃HTλ

where the first equation is solved using an iterative
method, such as a conjugate gradient method. Be-
cause of the size of these matrices, they are all handled
as operators, meaning, the are not actual matrices but
are function calls simulating the application of a matrix
on to a vector.
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Remarks (cont.)

. The interplay between the 3d-var and PSAS approaches
is a statement of the fact that these approaches are dual
of each other. This essential mean that one can be con-
verted in to the other and their solutions are equivalent
(Ex. 7).

. But don’t get confused. Addressing the problem from
the analytical solution has nothing to do with the word-
ing “physical-space” as in PSAS. Solving the problem
from the analytical solution is detached from the way
the background error covariance is formulated.

. The a priori (background) error covariance is a parame-
terized quantity based on assumptions such as balance
relationships and possible structure of errors. Tradi-
tional implementations of the direct minimization 3d-var
approach (e.g., NCEP’s SSI) have modeled background
error covariances in spectral space. Difficulties in relax-
ing the assumptions behind these spectral space formu-
lations has driven the reformulation of the covariances to
operate in physical-space. Modern 3d-var systems now
minimize the cost function directly, but formulate the
covariance in physical space (e.g., NCEP’s Grid-space
Statistical Interpolation Approach; and ECMWF’s 3d-
var - as derived from its current 4d-Var).
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Remarks (cont.)

. As described here, 3d-var operates at a single time, that
is, the solution of the minimization problem is sought
at a given time. However, the observation vector y
jams together observations from a 6-hr time interval.
This means in particular that calculation of the residual
vector d ≡ y − h(x) is not accurate since x is taken at
the time of the solution (analysis).

. Work done at operational centers has demonstrated that
an improvement in the solution of the problem can be
obtained when using an approach called FGAT: first
guess at appropriate time. In this approach the function
h is augmented to accommodate backgrounds (first-
guesses) at various times within the window of observa-
tions. Typically, in 3d-var systems, FGAT means taking
x at −3, 0, and 3 hrs from the synoptic hour; or some-
times taking them on an hourly basis. In these cases,
the function h(x) also accommodates a time interpola-
tion procedure to calculate the d vectors at exactly the
time of the observations.
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5. Four-dimensional Variational Approach

The FGAT approach is a simple attempt to address the
lack of a time dimension in 3d-var. The proper way to
account for the time dimension is to redefine the cost
function:

2J4dvar = ||x−x0||B−1+
I∑

i=0

||yi−h(xi)||R−1
i
+

I∑
i=1

||xi−m(xi−1)||Q−1
i

where ||x||A ≡ xTAx, for an arbitrary n-vector x and an
arbitrary n× n-matrix A.

The cost function above applies to a discrete time in-
terval with a total of I time slots. The first term ac-
commodates the uncertainty in the initial condition with
the matrix B being the error covariance associated with
this uncertainty; the second term accommodates the
uncertainties in the states xi with respect to the obser-
vations at all times ti in the interval, weighted by the
observation error covariances Ri; and the last term ac-
commodates for uncertainties in the states themselves,
weighted by the model error covariances Qi. This last
term takes care of the fact that the prediction model is
assumed to be imperfect:

xi = m(xi−1) + qi

with the sequence of qi vectors assumed to be white in
time and normal with mean zero and covariance Qi, i.e.,
qi ∼ N (0,Qi).
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Using the incremental approach we can re-write the cost
function as

2J4dvar = ||δx0||B−1 +
I∑

i=0

||di −Hiδxi||R−1
i

+
I∑

i=1

||qi||Q−1
i

where here again, Hi is the Jacobian of h. This trans-
forms the dependence on the cost function from
J4dvar = J4dvar(x0,x1, · · · ,xI) to J4dvar = J4dvar(δx0,q1, · · · ,qI).

The simplest way to understand how 4d-var basically
amounts to a gigantic LSP is by re-writing further the
cost function based on the following augmented vectors:

δx ≡
[
δxT

0qT
1 · · ·qT

I

]T
and d ≡

[
dT

0dT
1 · · ·dT

I

]T
. Therefore

(Ex. 8),

2J4dvar(δx) = δxTD−1δx + (Gδx− d)R−1(Gδx− d)

where the a priori error covariance matrix becomes D ≡
diag(B,Q1, · · · ,QN), the observations error covariance
becomes R ≡ diag(R1,R2, · · · ,RN) and the “observa-
tion” matrix becomes

G ≡


H0 0 0 · · · 0

H1M1,0 H1 0 · · · 0
H2M2,0 H2M2,1 H2 0 · · ·
· · · · · · · · · · · · · · ·

HIMI,0 HIMI,1 HIMI,2 · · · HI


where Mi,i−1 is the Jacobian of the forward model

Mi,i−1(x
b
i−1) ≡

∂m(xi−1)

∂xi−1

∣∣∣∣
xi−1=xb

i−1

is now part of the observation matrix.
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Formally, we can infer the solution of the minimization
of this gigantic cost function by referring back to our
“estimation of a constant” exercise, i.e., at the mini-
mum the solution is give by

δxa = (D−1 + GTR−1G)−1GTR−1d

Similarly to 3dvar, when the solution to 4d-var is being
sought by directly minimizing the cost function we need
its gradient to be available

∇δxJ = D−1δx + GTR−1(Gδx− d)

since practical minimization algorithms are gradient-based,
e.g., the conjugate gradient method.

Alternatively, we can use the algebraically equivalent ex-
pression

δxa = DGT(GDGT + R)−1d

which is analogous to the PSAS equation, but since it
now involves the fourth dimension of time it is known
here as the 4d-PSAS equation. Just as in the 3d case, a
practical approach to solve the 4d-PSAS equation splits
the equation in two steps:

(GDGT + R)λ = d

δxa = DGTλ

where here the vectors δxa, λ, and d are all four-dimensional.
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Remarks

. To solve the first 4D-PSAS equation we must have a
smart way of applying the gigantic matrix on the left-
hand-side to the vector λ. The main complication in
this operation comes from having to calculate GDGTλ.
To do so, we can notice that an element j of this term
is given by (Ex. 9)

(GDGTλ)j = HjMj,0B
I∑

i=1

MT
i,0H

T
i λi

+ Hj

j∑
m=1

Mj,mQm

I∑
i=m

MT
i,mHT

i λi

These calculations can be broken down in to a backward
integration of the equation

fi = MT
i+1,ifi+1 + HT

i λi

for i = I − 1, I − 2, · · · ,0, with fI ≡ HT
I λI; followed by a

forward integration

gm = Mj,m−1gm−1 + Qmfm

for m = 1,2, · · · , j, and with g0 ≡ Bf0. This sequence of
operations is known as the sweeper method and specifi-
cally constitute the so called augmented representer ap-
proach to the practical solution to calculating the 4d-
PSAS equation (Ex. 10).

. In the perfect model case, Q = 0, the 4d-var and 4d-
PSAS equations above dramatically simplify.
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6. The Probabilistic Approach to Filtering

Let us indicate by Xo
k = {xo

1, · · · ,xo
k−1,x

o
k}, the set of all

observations up to and including time tk. Similarly, let
us indicate by Xt

k = {xt
1, · · · ,xt

k−1,x
t
k} the set of all true

states of the underlying system up to time tk.

Knowledge of the pdf of the true state over the entire
time period given all observations over the same period
would allow us to calculate an estimate of the trajec-
tory of the system over the time period. Therefore,
calculation of the following pdf

p(Xt
k|Xo

k)

is desirable. But, before seeking a system trajectory
estimate, let us seek an estimate of the state of the
system only at time tk. For that, the relevant pdf is

p(xt
k|Xo

k) = p(xt
k|xo

k,X
o
k−1)

=
p(xt

k,x
o
k,X

o
k−1)

p(xo
k,X

o
k−1)

=
p(xo

k|xt
k,X

o
k−1)p(x

t
k,X

o
k−1)

p(xo
k,X

o
k−1)

=
p(xo

k|xt
k,X

o
k−1)p(x

t
k|Xo

k−1)p(X
o
k−1)

p(xo
k|Xo

k−1)p(X
o
k−1)

=
p(xo

k|xt
k,X

o
k−1)p(x

t
k|Xo

k−1)

p(xo
k|Xo

k−1)
.

This relates the transition probability of interest with
pdf’s that can be calculated more promptly.
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Whiteness of the observation sequence allows us to write

p(xo
k|xt

k,X
o
k−1) = p(xo

k|xt
k)

and therefore,

p(xt
k|Xo

k) =
p(xo

k|xt
k)p(x

t
k|Xo

k−1)

p(xo
k|Xo

k−1)

It remains for us to determine each one of the transition
probability densities in this expression.

Assumption: all pdf’s (processes) are Gaussian and the
observation process is linear, that is, xo

k = Hkxt
k + bo

k,
with bo

k ∼ N (0,Rk).

In this case, an immediate relationship between the vari-
ables above and those from the example of estimating
a constant vector can be drawn:

. y → xo
k

. x → xt
k

. py|x(y|x) → p(xo
k|xt

k)

. px(x) → p(xt
k|Xo

k−1)

. py(y) → p(xo
k|Xo

k−1)
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Consequently we have

p(xo
k|xt

k) =
1

(2π)mk/2|Rk|1/2

exp

[
−

1

2
(xo

k −Hkx
t
k)

TR−1
k (xo

k −Hkx
t
k)

]
where we noticed that

E{xo
k|xt

k} = E{(Hkx
t
k + bo

k)|xt
k} = Hkx

t
k

and

cov{xo
k,x

o
k|xt

k} ≡ E{[xo
k − E{xo

k|xt
k}][xo

k − E{xo
k|xt

k}]T |xt
k}

= Rk

Analogously, we have

p(xo
k|X

o
k−1) =

1

(2π)mk/2|Γk|1/2

exp
[
−

1

2
(xo

k −Hkx
f
k|k−1

)TΓ−1
k (xo

k −Hkx
f
k|k−1

)
]

where we define xf
k|k−1 and the mk ×mk matrix Γk as

xf
k|k−1 ≡ E{xt

k|Xo
k−1} , Γk ≡ HkP

f
kH

T
k + Rk

with the n× n matrix Pf
k defined as

Pf
k|k−1 ≡ E{[xt

k − xf
k][x

t
k − xf

k]
T |Xo

k−1}
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To fully determine the a posteriori conditional pdf p(xt
k|Xo

k),
it remains to find the a priori conditional pdf p(xt

k|Xo
k−1).

Since we assumed all pdf’s to be Gaussian, the from
the definitions of xf

k and Pf
k above we have p(xt

k|Xo
k−1) ∼

N (xf
k|k−1,Pk|k−1), that is,

p(xt
k|X

o
k−1) =

1

(2π)n/2|Pf
k|1/2

exp
[
−

1

2
(xt

k − xf
k|k−1

)T(Pf
k|k−1

)−1(xt
k − xf

k|k−1
)
]

and the conditional pdf of interest can be written as

p(xt
k|Xo

k) =
1

(2π)n/2|Pa
k|k|1/2

exp

(
−

1

2
J

)
where

J = (xa
k|k − xt

k)
T(Pa

k|k)
−1(xa

k|k − xt
k)

is the cost function, with xa
k|k minimizing it.

We can now identify the quantities x̂MV and Px̃ of the
problem of estimating a constant vector with xa

k and
Pa

k, respectively. Consequently, it follows from this cor-
respondence that

xa
k|k = xf

k|k−1 + Pf
k|k−1H

T
k Γ−1

k (xo
k −Hkx

f
k|k−1)

(Pa
k|k)

−1 = (Pf
k|k−1)

−1 + HT
k R−1

k Hk
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Remarks

. The estimate xa
k|k maximizing the a posteriori pdf is the

MAP estimate.

. Moreover, since the resulting a posteriori pdf is Gaus-
sian, this estimate is also the conditional mean, that
is,

xa
k|k ≡ E{xt

k|Xo
k} ,

and therefore it is the MV estimate which is what the
Kalman filter obtains.

. Similar results can be obtained by minimizing the cost
function

J3dVar(δxk) ≡ δxT
k (Pf

k|k−1
)−1δxk + (dk −Hkδxk)

TR−1
k (dk −Hkδxk)

where δxk ≡ xt
k − xf

k|k−1, and dk ≡ xo
k − Hkx

f
k|k−1. In

the meteorological literature J3dVar(δxk) is referred to
as the incremental three-dimensional variational (3dvar)
analysis cost function.

. Since in practice we have only rough estimates of the
observations and forecast error covariance matrices Rk

and Pf
k|k−1, the minimization problem above solves none

other than a LSP problem, given some prior information.
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Remarks (cont.)

. So far we have made no assumptions about the process
xt

k other than its conditional pdf p(xt
k|Xo

k−1) being Gaus-
sian. However, if we want to be able to calculate an
estimate of the state one time ahead, that is at tk+1,
using the knowledge gather up to time tk we must con-
sider the pdf

p(xt
k+1,x

t
k|Xo

k) = p(xt
k+1|xt

k,X
o
k)p(x

t
k|Xo

k)

= p(xt
k+1|xt

k)p(x
t
k|Xo

k)

which refers to the yet unspecified transition pdf p(xt
k+1|xt

k)

and therefore we must know more about the process xt
k.

. When the process xt
k is linear the calculations are simple.

That is, the system

xt
k+1 = Mk+1,kx

t
k + bt

k+1

with bt
k+1 ∼ N (0,Qk+1) results in a Gaussian transition

pdf (for an initial Gaussian pdf p(xt
0)):

p(xt
k+1|xt

k) ∼ N (Mk+1,kx
t
k,Qk+1) .

. For linear dynamical process above it follows that

xf
k+1 = = Mk+1,kE{xt

k+1|Xo
k} + E{bt

k+1|Xo
k}

= Mk+1,kx
a
k|k

Pf
k+1|k = cov{xt

k+1,x
t
k+1|Xo

k}

= Mk+1,kP
a
k|kM

T
k+1,k + Qk+1
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7. The Probabilistic Approach to Smoothing

Smoothing is the problem of determining the state of a
system given all the data available before, during, and
after the time of the desired estimate. In this respect,
the smoothing problem refers to the following condi-
tional pdf

p(Xt
k|Xo

N) = p(xt
1, · · · ,xt

k−1,x
t
k|xo

1, · · · ,xo
N−1,x

o
N)

where N ≥ k.

Remarks

. In general, an estimate obtained by maximizing the pdf

p(xt
k|xo

1, · · · ,xo
k−1,x

o
k)

will be distinct from one maximizing p(Xt
k|Xo

N) above.

. However, in the linear, Gaussian, white noise case, with
N = k, maximization of either one of the pdf’s above
amounts to the same solution, at the final time tk.

. When the error (noise) statistics are Gaussian, the pdf
p(Xt

k|Xo
N) is also Gaussian and its maximization amounts

to minimization of the following quadratic cost function:

JN =
N∑

i=0

||xo
i −Hixi−1||R−1

i
+

N∑
i=0

||xi −Mi,i−1xi−1||Q−1
i

with respect to the entire trajectory x0,x1, ...,xN , and
subjected to the ICs: M0,−1x−1 = x̄0 and Q−1 = P̄0.
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. Minimization of the cost function JN solves the fixed-
interval smoother. In some sense, this is the problem
that 4Dvar attempts to solve.

There are different ways of solving the smoother prob-
lem sequentially. The fixed-lag Kalman smoother is a
particularly attractive formulation.

To exemplify consider the case of seeking an improved
state estimate at tk−1 given observations up to time tk.
The relevant pdf is

p(xt
k−1|Xo

k) =
p(xo

k−1|xt
k−1)p(x

t
k−1|Xo

k−1)

p(xt
k−1|Xo

k)
.

When all pdf’s are Gaussian we can show that the max-
imum probability is obtained by minimizing

Jlag=1 = (xo
k −HkMk,k−1x

t
k−1)

T R̃−1
k (xo

k −HkMk,k−1x
t
k−1)

+ (xa
k−1|k−1 − xt

k−1)
T(Pa

k−1|k−1)
−1(xa

k−1|k−1 − xt
k−1)

where R̃k ≡ (HkQk−1HT
k + Rk), and the optimal solution

is found to be

xa
k−1|k = E{xt

k−1|Xo
k}

= xa
k−1|k−1 + Pa

k−1|k−1M
T
k,k−1HkΓ

−1
k (xo

k −Hkx
f
k|k−1) .
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8. Closing Remarks

• Most of the methods to solve inverse prob-

lems are either Least-Squares-based or bear

a close relationship to Least-Squares.

• Beginners in the field should learn well Least-

Squares, what it means, and how it re-

lates to methods such as the Kalman fil-

ter/smoother, and 3d/4d variational pro-

cedures.

• Iterative methods for solving matrix-vector

problems are often employed when calcu-

lating Least-Squares-like solutions to esti-

mation problems. So, learn well conjugate-

gradient, Newton-methods, etc.
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Exercises

1. What is the condition on the weighting matrix E
for the minimum variance estimate to be indeed a
minimum of the cost function?

2. Show that the linear transformation of a normally
distributed vector is also normally distributed. That
is, show that for a given normally distributed vec-
tor x, with mean µx and covariance Rx, the linear
transformation

y = Ax + b

produces a normally distributed vector y with mean
µy = Aµx + b and covariance Ry = ARxAT .

3. Consider a simple scalar, Gaussian, case and show
that the minimum variance estimate

xMV =
1√
2πσ

∫ ∞

−∞
x exp

[
−

(x− µ)2

2σ2

]
dx = µ

is indeed the mean value µ. (Hint: make use of the
result

∫∞
−∞ exp(−x2/2)dx =

√
2π).

4. Show that the maximum a posteriori probability es-
timate for the “estimation of a constant” case is
indeed an unbiased estimate.
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Exercises (cont.)

5. Show that the maximum likelihood estimate for the
“estimation of a constant” case is a biased esti-
mate.

6. Show that the solution of the 3d-var minimization
problem

δxa = (P−1 + HTR−1H)−1HTR−1d

can be written as

δxa = PHT(HPHT + R)−1d

Hint: Make use of the Sherman-Morrison-Woodbury
formula (c.f., Golub & Van Loan 1989, p. 51),
(A+UVT)−1 = A−1−A−1U(I+VTA−1U)−1VTA−1

7. Show that minimizing the cost function defined by

J(λ) =
1

2
λT(HPHT + R)λ− λTd

is equivalent to solving to first equation in the PSAS
approach.



Exercises (cont.)

8. Show that using the augmented vectors x and d de-
fined in the 4d-var section, the original cost function

2J4dvar = ||δx0||B−1 +
I∑

i=0

||di−Hδxi−1||R−1
i
+

I∑
i=1

||qi||Q−1
i

can be written as

2J4dvar(δx) = δxTD−1δx + (Gδx− d)R−1(Gδx− d)

with the matrices D, G, and R as defined in that
same section. What are the explicit dimensions of
each one of these matrices?

9. Unfold the first term in the first 4d-PSAS equation,
that is, (GDGTλ) to show that its j-th element has
the form displayed in the text.

10. Show that the backward and forward sweeper steps
are indeed an equivalent form of calculating the ex-
pression in Ex. 9 above.


